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Abstract
The discovery of cosmic acceleration has triggered a consistent body of the-
oretical work aimed at modeling its phenomenology and understanding its
fundamental physical nature. In recent years, a powerful formalism that ac-
complishes both these goals has been developed, the so-called effective field
theory of dark energy. It can capture the behavior of a wide class of modified
gravity theories and classify them according to the imprints they leave on the
smooth background expansion history of the Universe and on the evolution
of linear perturbations. The effective field theory of dark energy is based on
a Lagrangian description of cosmological perturbations which depends on a
number of functions of time, some of which are non-minimal couplings repre-
senting genuine deviations from General Relativity. Such a formalism is thus
particularly convenient to fit and interpret the wealth of new data that will
be provided by future galaxy surveys. Despite its recent appearance, this
formalism has already allowed a systematic investigation of what lies beyond
the General Relativity landscape and provided a conspicuous amount of the-
oretical predictions and observational results. In this review, we report on
these achievements.
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1. Introduction
The Universe is a physical system whose dynamics is strongly affected by
gravity and that is characterized, at very large scales, by invariance under
spatial translations and rotations. Other bona fide symmetries of our funda-
mental Lagrangians, time translations and Lorentz boosts, are spontaneously
broken. One curious occurrence for the Universe is that its expansion rate
has accelerated twice, once at very primordial times and high energies (in-
flation) and then through a second much later period that is still ongoing
(“Dark Energy”, DE). When trying to address these phenomena, it looks
natural to speculate about the nature of gravity itself. Indeed, the neces-
sity of invoking accelerating expansion twice might even cast doubts on the
very basic geometrical description inherited from classical General Relativity
(GR), when applied to the Universe as a whole.
The standard cosmological model, ΛCDM, is based on GR and assumes
the Universe is made of a DE component in the form of a cosmological
constant (Λ), cold dark matter (CDM) particles and ordinary matter. Al-
though ΛCDM gives an astonishing description of the Universe [1, 2], the
model shows some shortcomings: the so-called cosmological constant prob-
lems. These arise from the mismatch between the naturally expected value
of Λ from quantum corrections and the observed one, and to the late time
coincidence problem (see [3, 4, 5] for reviews). Furthermore, some mild obser-
vational tensions among different datasets emerge in this model, for instance,
on the value of the Hubble constant H0 (= 100h km s
−1 Mpc−1) and ampli-
tude of the matter power spectrum at present time and scale of 8 h−1Mpc,
denoted by σ8,0. At the level of the background evolution of the Universe,
comparing for example Cosmic Microwave Background (CMB) radiation data
by Planck [6, 1] and local measurements of H0 based on the cosmic distance
ladder leads to a tension of 4.4σ [7, 8, 9]. On the other hand, Baryon Acoustic
Oscillations (BAO) measurements from the Baryon Oscillation Spectroscopic
Survey (BOSS) [10] and the Sloan Digital Sky Survey (SDSS) [11] show a
2.5σ discrepancy in H0 with Planck [12]. Regarding matter perturbations,
a discordance of about 2.3σ on σ8,0 can be spotted between the Kilo-Degree
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Survey (KiDS) [13] and Planck data [14, 13, 15, 16, 17]. This picture sum-
marizes the motivations at the basis of speculations on the validity of the
ΛCDM model and the search for new physics beyond the standard model.
When pondering about the theory of gravity, one immediately faces a
general deep lesson: no other theory than GR is compatible with the basic
requisites of a single massless spin two field (the graviton) and recovering
Lorentz invariance. As corollary, Lovelock’s theorem [18, 19] implies any
infrared departure from GR must bring in new degrees of freedom (DoFs).
Usually one refers to these proposals as modified gravity (MG) theories [5,
20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33]. The simplest modifi-
cation at the basis of both DE and Inflationary models is to introduce an
extra scalar DoF to GR thereby accessing the realm of scalar-tensor the-
ories [34, 35, 36, 26, 24, 37, 5, 28, 38, 32]. It is possible to think of this
scalar field as the Goldstone field of broken time translations characteristic
of an expanding Universe [39]. This specific symmetry breaking pattern is
well described within the unitary gauge which is equivalent to a choice of
the time coordinate. Spacial diffeomorphisms are therefore left unbroken.
By setting the time coordinate proportional to the value of the scalar field,
its fluctuation disappears from the dynamics and remains encoded in the
metric DoFs. There comes an important advantage from this procedure and
the unitary gauge: it allows to write down the most general action for cos-
mological perturbations with relative ease, providing an effective framework
that does not rely on any specific model, yet being a genuine description
of departures from GR: a so-called effective field theory (EFT). Regarding
expanding universe, this formalism was first applied to inflation [40, 41, 42],
then to quintessence models without conformal couplings [43], and finally
to DE [44, 45]. The latter case enables one to treat any DE/MG models
with one additional scalar DoF in a model-independent approach described
through a variety of geometrical operators compatible with the symmetry im-
posed and accompanied by time dependent functions, namely the EFT func-
tions. By requiring that the linear perturbation equations contain deriva-
tives up to second order, theories of the “Horndeski” type [34, 36] can be
recovered quite straightforwardly in the unitary gauge [46, 47]. Even more,
working in the unitary gauge has made very natural to explore an entire
new class of scalar-tensor theories beyond Horndeski, the so-called Gleyzes-
Langlois-Piazza-Vernizzi (GLPV) theories [37]. The EFT approach can also
encode the cosmology of Lorentz violating theories [44, 48] such as Horˇava
gravity [49]. The landscape of theories that, despite the presence of higher
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derivatives in the equations of motions, avoid Ostrogradsky instabilities [50]
has been exhausted by the Degenerate Higher Order Scalar-Tensor Theories
(DHOST) [38, 51, 52, 53, 54, 55]. In parallel, the original EFT formalism
has been also extended to include those theories with second-order deriva-
tive equations of motion with a vector or tensor additional field [56, 57],
such as Generalised Proca [58], generalized Einstein-Aether [59] and massive
bi-gravity [60]. Finally, while the EFT formalism was originally developed
to describe general patterns of DE/MG models at linear cosmological scales,
there has also been great progress in extending the framework to include
non-linear perturbative effects [61, 62, 63, 64, 65, 66].
A key goal of future surveys such as Euclid [67], Dark Energy Spectro-
scopic Instrument (DESI) [68], Square Kilometre Array (SKA) [69], Stage-4
CMB experiment (CMB-S4) [70], Large Synoptic Survey Telescope (LSST)
[71] is to test gravity on cosmological scales with an exquisite precision to
shed light on the phenomenon of late time cosmic acceleration. Cosmolog-
ical probes such as Galaxy Clustering (GC), CMB, Weak Lensing (WL),
Redshift-Space Distortions (RSD), Supernovae Ia (SNIa) and BAO give ac-
cess to precious physical information about the expansion history and growth
of large-scale structures (LSS). The final aim is to confirm the cosmological
standard model with even more accuracy, or, eventually, to single out sig-
natures of DE/MG. The systematic exploration of DE/MG models against
cosmological data is facilitated by the EFT approach. It offers indeed the
possibility to relate the phenomenology of large classes of models directly
to cosmological observables. This unified framework allows to explore the
realm of gravitational theories in a coherent fashion identifying clear testable
patterns. The synergy between theory and observations is further exploited
thanks to Einstein-Boltzmann (EB) codes constructed on top of the EFT
framework. The latter are EFTCAMB [72, 73], hi class [74], COOP [75] and
EoS class [76] and they have been used to obtain cosmological constrains
using a wide selection of data sets.
In this review, we aim to provide a comprehensive overview of the many
developments occurred in the field of MG when treated in the EFT of dark
energy framework. The detailed structure of the review is as follows. Section
2 is dedicated to its theoretical aspects which include: the construction of the
EFT action, a description of background and linear perturbation equations,
the mapping procedure to write any specific scalar-tensor theory in the EFT
language and the theoretical stability requirements to guarantee the viabil-
ity of a gravity model. We also discuss the so-called α-basis which reshuffles
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the EFT functions according to physical properties of the Universe and the
extension of the EFT framework to direct couplings between gravity and
matter fields. Finally, we review the EB codes which implement the EFT
framework. Section 3 describes the links between theory and observations
where we highlight the novel predictions brought by the EFT formulation.
We discuss the construction of a road map to select stable DE/MG mod-
els depending on crucial observations and their implications. We review
the studies of large samples of DE/MG models within the EFT framework
which identified clear patterns in observables such as the growth of LSS and
power spectra. We also summarize the results about the impact of stabil-
ity conditions on the parameter space. Section 4 is devoted to a discussion
of cosmological constraints using present day data and forecasts from future
surveys. We attempt to cover all the models analyzed in literature within the
EFT framework, these include direct parameterizations of the EFT functions
as well as the mapping of specific MG theories in the framework. Section 5
contains an overview about the implications astrophysical constraints have
on the parameter space identified by the EFT functions. In particular, we
discuss constraints from massive astrophysical bodies such as dwarf, neutron
stars, pulsars and galaxy clusters and the recent bounds derived from the
joint detection of the GW170817 and GRB170817A events. Section 6 is de-
voted to final remarks and discussion on the prospect of future inputs into
this field.
We provide a guide to acronyms and symbols used in this manuscript
respectively in Table A.2 and Table A.3 (Appendix A). We show the relations
among the different EFT basis adopted in literature and a detailed list of
the relevant EFT parameterizations used in the analyses in Appendix B.
In Appendix C, we give tables summarizing the observational constraints
discussed in Section 4.
2. Effective Field Theory of Dark Energy
The EFT is a model-independent approach encompassing all single-field
DE/MG models. It describes both the evolution of the cosmological back-
ground and linear perturbations. In the following, we review the building
blocks of this approach and the mapping procedure which allows to write
any specific scalar-tensor theories in the EFT language. We also discuss
a phenomenological EFT basis, the so-called α-basis, and its extension to
include the direct coupling between DE and matter fields. Furthermore,
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we present the stability requirements a gravity model has to satisfy to be
considered theoretically viable. These are particularly needful when dealing
with model-independent parameterizations. We conclude by reviewing the
existing EB codes which implement the EFT framework.
2.1. Action and its formulation
The EFT action is constructed in the unitary gauge and written in terms
of operators compatible with the residual symmetries of unbroken spatial
diffeomorphisms. The operators are organized in powers of the number of
perturbations and spatial derivatives and these symmetries allow for time-
dependent functions multiplying each operator. We review these features:
• The background: in the EFT framework, the perturbations are as-
sumed to evolve on a homogeneous and isotropic background, thus
a Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) line element of the
following form is considered:
ds2 = −dt2 + a(t)2
(
dr2
1− κ¯r2 + r
2dΩ¯2
)
, (1)
where a(t) is the scale factor and t is cosmic time, κ¯ is the spatial
curvature constant and dΩ¯2 = d2θ + sin2θd2ϕ.
• The unitary gauge: the unitary gauge is also known as the velocity
orthogonal gauge [77]. It corresponds to the choice of the basis in which
the perturbation of the extra DoF, responsible for the spontaneous
symmetry breaking, vanishes. In details, let us consider a scalar field,
φ(t, ~x), and its decomposition in a perturbed FLRW Universe as follows
φ(t, ~x) = φ¯(t) + δφ(t, ~x), (2)
where ~x are the spatial coordinates, φ¯(t) is the homogeneous back-
ground value of the scalar field and δφ its perturbation. In order to
apply the unitary gauge, one has to choose the time coordinate such
that δφ = 0, thus t becomes a function of φ, i.e. t = t(φ) 1. Accord-
ing to this choice φ defines a preferred time slicing (φ = const) and
1This statement is valid at all perturbative orders as long as φ is a monotonic function
of time.
7
constant time hypersurfaces coincide with constant scalar field hyper-
surfaces. The gradient of the scalar field is thus assumed to be time-like.
In a fluid description, the latter implies that the velocity of the scalar
field is orthogonal to the constant time hypersurfaces, hence the name
“velocity orthogonal gauge”. The assumption of the unitary gauge im-
plies the action will not show any explicit dependence on the scalar
field, as such, the latter is said to be “eaten” by the metric, making
the manifest number of DoFs minimal. In conclusion, using this gauge
implies two major consequences. Firstly, the EFT action will not be
constructed in terms of φ and its perturbations, but will be written
only in terms of the metric and geometrical quantities. Secondly, it
breaks the full diffeomorphism invariance while leaving unbroken the
subgroup of time-dependent spatial diffeomorphisms.
• The operators: according to the unitary gauge, the operators in the
EFT action are constructed with all the invariants under the residual
symmetries of unbroken spatial diffeomorphisms. The full EFT ac-
tion is thus derived considering the metric gµν and the unit vector nµ,
perpendicular to the time slicing, defined as 2
nµ = − ∂µφ√−(∂µφ)2 → − δ
0
µ√−g00 , (3)
where g00 is the time-time component of the inverse metric and ∂µ is
the four dimensional derivative. The covariant derivatives of nµ must
be considered as well, or equivalently, its projection orthogonal to the
constant time hypersurfaces, i.e. the extrinsic curvature tensor and its
trace
Kµν = h
σ
µ ∇σnν , K = ∇νnν , (4)
with the induced metric defined as hµν = gµν + nµnν and n
σ∇σnν ∝
h µν ∂µg
00 where ∇σ is the four dimensional covariant derivative. Addi-
tional operators to include are also the Ricci scalar R and any curvature
invariants and contractions of tensors with nµ, gµν and derivatives ∇µ.
Additionally, the symmetry of the action is still satisfied if each oper-
ator is accompanied by a time dependent function. These free func-
tions of time which scale the perturbations on the FLRW background
2Note that in Ref. [45] nµ is defined with the opposite sign. The different definition
can change the sign of some operators in the EFT action, see for instance [78].
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are called EFT functions. Unlike standard covariant approaches, the
EFT action is constructed using a perturbative approach thus each op-
erator is expanded. For example, the operator A will be written as
A(t, xi) = A¯(t) + δA(t, xi), where A¯ is the background value and δA
its perturbation. Note this perturbation scheme enables one to write
down an action with operators expanded at any order. In a cosmolog-
ical context, linear perturbations are generally the most focused upon
and therefore only operators up to quadratic order are considered. Al-
ready at this order, a large number of operators and combinations can
be constructed, especially if one considers an arbitrary number of spa-
tial derivatives acting on the perturbed quantities. However, one has
to keep in mind that additional spatial derivatives increase the scaling
dimension of an operator and the higher the derivatives an operator
contains, the less it becomes relevant on large linear scales.
• Couplings with matter fields: the first version of the EFT framework
for dark energy assumes the validity of the weak equivalence principle
(WEP) and hence the existence of a metric gµν universally coupled to
the matter fields χm, making the Jordan Frame the natural choice [44,
45]. This assumption can be relaxed considering a frame where the
gravitational interaction between the additional scalar DoF and the
matter fields is explicit [79, 80, 81, 82]. In this Section, we follow the
historical path and we review the extension of the EFT framework to
include direct couplings with matter fields in Section 2.7.
• Regime of validity and limitations: the regime of applicability of the
EFT framework spans from largest cosmological scales down to the
ultraviolet (UV) cut-off, i.e. the energy scale at which a classical de-
scription of gravity breaks down. In the cosmological framework, one
can assume this cut-off Mcut−off must be larger than the Hubble param-
eter at present time H0 in order to describe the background cosmology
and observable perturbation modes [83]. Extensions of the linear EFT
framework to mildly non-linear scales are possible by including non-
linear operators and appropriate additional EFT functions to the ac-
tion (5) [62, 63, 64, 65, 66]. The EFT approach to linear and non-linear
scales is thus regulated by: the strong coupling energy scale of the dark
energy fluctuations and the screening scale. Physically, the strong cou-
pling scale corresponds to the scale at which the non-linear interactions
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of the EFT action exit perturbative unitarity [64] thus setting a cut-off
above which the EFT looses predictability and where UV completion
becomes important. Such scale is characteristic of the specific model
under consideration [84, 64]. While the screening scale is associated to
the non-linear scale of the extra scalar field. If the screening is weak or
fails to operate (see Section 5), the linear EFT approach is still valid,
on the other hand if the screening is strong non-linear terms dominate.
Other shortcomings of the EFT formulation exist. For example, it does
not describe strong gravity nor higher-dimensional regimes. In parallel,
the initial limitation of the EFT framework to include only DE/MG
models based on a single scalar DoF was overcome recently by a pro-
posal including additional vector and tensor fields [57]. We focus only
on the original proposal encompassing DE/MG models with an extra
scalar DoF in this review.
Several versions of the EFT action exist in literature [44, 45, 46, 85, 86, 87]
which differ in notation, in number of operators and order of perturbations.
In this Section, we consider the EFT action for DE/MG up to second order
in perturbations, including the most relevant operators encompassing well
known DE/MG models. We use the notation as presented for the first time
in Ref. [44] and we discuss the other formulations in Appendix B. This EFT
action reads [44]
S =
1
2
∫
d4x
√−g [M2plf(t)R − 2Λ(t)− 2c(t)g00
+M42 (t)(δg
00)2 − m¯31(t) δg00δK − M¯22 (t) δK2
−M¯23 (t) δK νµ δKµν + µ21(t)δg00δR +m22(t)hµν∂µg00∂νg00
+ . . . ] + Sm[gµν , χm] , (5)
where M2pl is the Planck mass, g
00 = −1 + δg00, g being the determinant of
the metric, δR and δRµν are the perturbations of the Ricci scalar and tensor,
respectively. Sm is the matter action for all matter fields χm and the EFT
functions are f, Λ, c, Mi, mi, M¯i, m¯i and µi. The action is organized in a
specific way: the first line contains the operators contributing to both the
background evolution of the Universe and the linear perturbation equations.
The corresponding EFT functions are therefore denoted as background EFT
functions. The operators in the second and third lines enter only in the
linear perturbations equations. The ellipsis stand for additional second order
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operators which can be included, e.g. (δR)2 [46] or higher order terms in both
derivatives and perturbations. For example Refs. [88, 48, 78] include the
operators with higher spatial derivatives to describe theories like high-energy
Horˇava gravity [89] in the EFT description. Higher order operators, such as
(δg00)3 and (δg00)2δK, are relevant for an extension of the action to non-
linear scales [62, 64, 65]. Additional three operators need to be included [54]
in the above action to describe the recently found DHOST [55, 90].
As anticipated, the power of this model-independent construction of a
gravitational action lies in the direct connection it has with most of the
well known cosmological theories proposed in the last decades. It captures
for example the physics at linear cosmological scales of theories such as
f(R)-gravity [97, 98], Horndeski [34, 36], GLPV theories [37, 80], low-energy
Horˇava gravity [49] and more, as illustrated in Table 1. The four major
sub-sets of theories encoded in the EFT action (5) are:
1. Scalar-tensor theories a` la Brans-Dicke, hereafter dubbed Generalized
Brans-Dicke theories (GBD), which are described only by the back-
ground EFT functions {f,Λ, c};
2. Horndeski theories for which the relation M¯22 = −M¯23 = 2µ21 (and
m22 = 0) must be imposed;
3. GLPV theories which require the condition M¯22 = −M¯23 (and m22 = 0);
4. Lorentz violating theories, such as Horˇava gravity, for which m22 6= 0.
The second and third conditions allow to eliminate from the EFT action
spatial derivatives higher than second order.
The advantage of the EFT formalism is twofolds: on one hand it allows
to perform model-independent explorations of DE/MG models without as-
suming any particular theory. This is done by selecting all the EFT functions
in action (5) or a sub-set of them usually according to the above itemized
list. This procedure is known as pure EFT approach. The investigation of
the above four sub-sets of theories in a pure EFT fashion allowed to iden-
tify quite general features of the gravity force as further discussed in Section
3. On the other hand, the EFT can be used to investigate specific DE or
MG models, e.g. f(R). In this case, the EFT functions assume characteristic
forms [44, 45, 47, 46, 104, 48, 78]. We illustrate the mapping recipe to encode
specific DE/MG theories in the EFT formulation in Section 2.4. One refers
to this procedure as mapping approach. The latter is particularly useful to
test a specific theory against cosmological data as explained in Section 2.8.
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2.2. Modified background Friedmann equations
In this Section, we proceed further by illustrating the model-independent
formulation of the background Friedmann equations for DE/MG models. In
order to obtain such equations, one must vary the action (5) with respect to
the metric. This procedure yields the modified Friedmann equations
c = M2plf
(
−H˙ + κ¯
a2
− 1
2
f¨
f
+
H
2
f˙
f
)
− 1
2
(ρm + pm) , (6)
Λ = M2plf
(
H˙ + 3H2 + 2
κ¯
a2
+
1
2
f¨
f
+
5H
2
f˙
f
)
− 1
2
(ρm − pm) , (7)
where the dots correspond to derivatives with respect to cosmic time t, H(t) is
the Hubble function defined as H ≡ 1
a
da
dt
and ρm(t) and pm(t) are respectively
the background energy density and pressure of matter. To complete the set
of background equations, one supplies the above system with the matter
continuity equations as follows
ρ˙m + 3H(ρm + pm) = 0 , (8)
where the perfect fluid approximation is assumed. The modified Friedmann
equations can be rewritten following the fluid description:
H2 +
κ¯
a2
=
1
3M2plf
(ρm + ρDE) , (9)
H˙ − κ¯
a2
= − 1
2M2plf
(ρm + ρDE + pm + pDE) , (10)
where {ρDE, pDE} are the density and pressure of the dark fluid. Now, dif-
ferentiating eq. (9) with respect to time and combining it with eqs. (8)-(10),
one obtains a “non-conservation” equation for the dark fluid, which reads
ρ˙DE + 3H(ρDE + pDE) = 3M
2
plf˙
(
H2 +
κ¯
a2
)
. (11)
The non-conservation of the dark fluid is thus regulated by the time deriva-
tive of the EFT function f. Using eqs. (9)-(10) in eqs. (6)-(7) allows the
simplification
c =
1
2
(−f¨+H f˙)M2pl +
1
2
(ρDE + pDE) , (12)
13
Λ =
1
2
(¨f+ 5H f˙)M2pl +
1
2
(ρDE − pDE) . (13)
One could equivalently define an effective density and pressure for the dark
fluid ρeffDE and p
eff
DE which have the forms
ρDE = fρ
eff
DE + (f− 1)ρm , (14)
pDE = fp
eff
DE + (f− 1)pm . (15)
They allow to recover a more standard form of Friedmann equations
H2 +
κ¯
a2
=
1
3M2pl
(
ρm + ρ
eff
DE
)
, (16)
H˙ − κ¯
a2
= − 1
2M2pl
(
ρm + ρ
eff
DE + pm + p
eff
DE
)
, (17)
where the dependency on the non-minimal coupling f has been hidden in the
dark component. From the first line above, one recovers the usual constraint
relation: Ωm + ΩDE + Ωκ¯ = 1 where the density parameters Ωi are defined as
Ωm = ρm/3M
2
plH
2, ΩDE = ρ
eff
DE/3M
2
plH
2 and Ωκ¯ = −κ¯/a2H2. In the following
we indicate with Ωi,0 their present day values.
Note that the EFT approach provides a general model-independent de-
scription to study the evolution of cosmological perturbations and, in this
spirit, one can assume any background expansion. The modified Friedman
equations contain three unknown EFT functions {f,Λ, c} and the unknown
expansion history, H. Thus, one has to fix two out of the four free functions,
then the remaining can be obtained from the Friedman equations. Usually,
the procedure adopted is to assume a chosen form for f and an equation of
state for the dark fluid, i.e. wDE (pDE = wDEρDE) in order to fix H. Then
both c and Λ are fixed through eqs. (12)-(13). In this respect, the most com-
mon choice is to fix H(t) to that of ΛCDM. An attempt to find an explicit
form for f was made in Ref. [105], where the study of the dynamical system
associated to the background equations allowed to find appropriate ansa¨tz
for f. One might claim that fixing H to follow a specific expansion history
might induce strong hypotheses on the behavior of the underlying gravity
theory. Using too specific parametric forms could indeed bias the generality
of predictions since one is already selecting a branch of models at the level
of the background. To avoid such drawbacks, one can alternatively parame-
terize Λ and c and solve eqs. (6)-(7) to derive H and f [106, 107]. Both the
approaches are used in the phenomenological analysis presented in Section 3
and cosmological constraints in Section 4.
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2.3. The Stu¨ckelberg trick
The unitary gauge used to write the action (5) is useful from a theoretical
point of view to identify the main operators which introduce modifications
at large scales. Furthermore, as presented before, it allows to select relevant
sub-classes of models for cosmological purposes straightforwardly, yet it is
not convenient to study the evolution of the extra scalar DoF and that of
the metric perturbations separately. The reason is because the extra DoF
is hidden inside the metric thus an explicit evolution equation for the scalar
field cannot be obtained. It is possible to make such field appear explicitly in
the action by restoring the full diffeomorphism invariance upon application
of the Stu¨ckelberg trick 3[44, 45]. To do so, one has to force back the broken
gauge transformation on the field in the Lagrangian by imposing the following
time coordinate transformations
t→ t˜ = t+ pi(xµ) , xi → x˜i = xi , (18)
where pi is the perturbation of the extra DoF. Time translation invariance is
thereby restored. The above transformations induces time dependent func-
tions in the action to transform as
g(t)→ g(t+ pi(t, xi)) = g(t) + g˙(t)pi(t, xi) + 1
2
g¨(t)pi(t, xi)2 + ... , (19)
while scalars do not transform. The transformations of the quantities of
interest in action (5) are [44, 45]
g00 → g00 + 2g0µp˙i + gµν∂µpi∂νpi , (20)
δKij → δKij − H˙pihij − ∂i∂jpi , (21)
δK → δK − 3H˙pi − 1
a2
∂2pi , (22)
Rij → Rij +H(∂i∂jpi + δij∂2pi) , (23)
R → R+ 4
a2
H∂2pi , (24)
where R is the three dimensional Ricci scalar and Rij is the corresponding
tensor.
3The Stu¨ckelberg trick is a common procedure to study theories with broken gauge
symmetries. The introduction of new fields is used to reveal a symmetry of the gauge-
fixed theory.
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Once the above transformations have been inserted in the action (5), one
obtains the following action [44, 45]:
S =
∫
d4x
√−g
[
M2pl
2
f(t+ pi)R− Λ(t+ pi)
− c(t+ pi)
(
−1 + δg00 − 2p˙i + 2p˙i δg00 + 2∇ipi g0i − p˙i2 + 1
a2
∇ipi∇ipi
)
+
M42 (t)
2
(
δg00 − 2p˙i)2
− m¯
3
1(t)
2
(
δg00 − 2p˙i)(δKµµ + 3H˙pi + ∇i∇ipia2
)
− M¯
2
2 (t)
2
(
δKµµ + 3H˙pi +
∇i∇ipi
a2
)2
− M¯
2
3 (t)
2
[(
δK ij + H˙piδ
i
j +
1
a2
∇i∇jpi
)(
δKji + H˙piδ
j
i +
1
a2
∇j∇ipi
)
+
(
δK00
)2
+ 2
(
δK i0 −
H
a2
∇ipi
)(
δK0i +H∇ipi
)]
+
µ21(t)
2
(
δg00 − 2p˙i) (δR+ 4H∇i∇ipi
a2
)
+
m22(t)
2
(gµν + nµnν) ∂µ
(
g00 − 2p˙i) ∂ν (g00 − 2p˙i) ]+ Sm[gµν , χm] ,
(25)
where ∇i is the spatial covariant derivative.
It is now possible to obtain the dynamical equation for the extra DoF
explicitly by varying the action with respect to pi. This yields
Ap¨i +Bp˙i + (C + k2D)pi + E = 0, (26)
where the spatial part has been Fourier transformed and k is the wavenumber.
A,B,C,D,E are functions of time and scale k. E also includes couplings
with the metric linear perturbations. Their expressions can be found in [86].
Let us note that in order to obtain observable predictions this equation needs
to be coupled with the other linear perturbative equations found by varying
the above action with respect to each metric component [45, 46].
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2.4. Mapping: a general recipe
The relevance of the EFT approach relies in its capability to encom-
pass DE/MG models with a single additional scalar DoF. Along the model-
independent explorations of DE/MG (pure EFT approach), it is possible to
map specific theories with one additional scalar DoF in the EFT language
(mapping approach) [44, 45, 47, 46, 104, 48, 78]. Hereafter we discuss the
latter.
In order to map a theory in the EFT language one can follow two paths.
The first consists in starting from the covariant action of a specific theory
and then impose the unitary gauge. One has then to identify each term in
the action with the corresponding one in EFT action. Let us present a simple
example. We use the covariant quintessence Lagrangian and we impose the
unitary gauge as follows
LQ ∼ −1
2
(∂φ)2 − V (φ) −−−−−−−−−−→
unitary gauge
−1
2
˙¯φ2g00 − V (φ¯) , (27)
where δφ = 0 is considered according to the definition of unitary gauge.
Then, it is straightforward to identify the following correspondence:
c(t) =
1
2
˙¯φ2 , Λ(t) = V (φ¯) , (28)
from the EFT action (5). Deriving the mapping relations from a covariant
Lagrangian requires to apply these steps for every theory and it can become
cumbersome in more involved cases. This lack of generality is solved by
the second option [88, 104, 78], i.e. working out the mapping for a general
Lagrangian written in unitary gauge with all the relevant operators. As a
result each EFT function can be written in terms of this general Lagrangian.
Once this general recipe is derived, any model can be translated in the EFT
formalism. In the following we illustrate this general approach in details.
For this purpose one introduces the Arnowitt-Deser-Misner (ADM) for-
malism [108], for which the line element can be written as:
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt) , (29)
where N(t, xi) is the lapse function, N i(t, xi) the shift and hij(t, x
i) is the
three dimensional spatial metric. Using the ADM formalism, a general La-
grangian describing scalar-tensor theories can be written as function of the
following operators [88]:
L = L(N,R,S, K,Z,U ,Z1,Z2, α1, α2, α3, α4, α5; t) , (30)
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where in details:
S = KµνKµν , Z = RµνRµν , U = RµνKµν ,
Z1 = ∇iR∇iR , Z2 = ∇iRjk∇iRjk , α1 = aiai ,
α2 = a
i∆ai , α3 = R∇iai , α4 = ai∆2ai , α5 = ∆R∇iai, (31)
with aν = n
µ∇µnν being the acceleration of the normal vector and ∆ =
∇k∇k. The operators considered in the Lagrangian (30) allow to describe
gravity theories containing up to sixth order spatial derivatives. According to
the EFT action (5), in the following we consider only some of the operators
introduced above, i.e. L = L(N,R,S, K, α1, t). However, an extended EFT
action and the general mapping including the whole set of operators listed
in eq. (30) can be found in Refs. [88, 78].
Expanding the Lagrangian (30) up to quadratic order in perturbations of
these operators yields the following action [46]:
SADM =
∫
d4x
√−g
[
L¯+ F˙ + 3HF + (LN − F˙)δN
+
(
F˙ + 1
2
LNN
)
(δN)2 + LSδKνµδK
µ
ν +
1
2
A(δK)2
+ BδNδK + CδKδR+ LNRδNδR+ LRδR
+
1
2
LRRδR2 + Lα1∂iδN∂iδN
]
, (32)
where L¯ is the background expression of the Lagrangian, LS ≡ ∂L/∂S and
equivalently for the others and
A = LKK + 4H2LSS + 4HLSK , B = LKN + 2HLSN ,
C = LKR + 2HLSR, F = LK + 2HLS . (33)
The EFT action (5) has to be written in ADM form as well in order to
be compared with eq. (32). After some manipulations (see [46, 88, 78] for
details) which include the use of the Gauss-Codazzi relation [109] and the
transformation
g00 = − 1
N2
= −1 + 2δN − 3(δN)2 + ... ≡ −1 + δg00 , (34)
where δN is the perturbation of the lapse function, from which one can
deduce (δg00)2 = 4(δN)2 at second order, one obtains:
SEFT =
∫
d4x
√−g
{
M2pl
2
fR+ 3H2M2plf+ 2H˙M2plf+ 2M2plH f˙+M2plf¨
18
+c− Λ +
[
H f˙M2pl − 2H˙M2plf−M2plf¨− 2c
]
δN − (M2plf˙+ m¯31)δKδN
+
1
2
[
M2plf− M¯23
]
δKµν δK
ν
µ −
1
2
[
M2plf+ M¯
2
2
]
(δK)2 + µ21δNδR+[
2H˙M2plf+ f¨M
2
pl −HM2plf˙+ 3c+ 2M42
]
(δN)2 + 4m22h
µν∂µδN∂νδN
}
.
(35)
At this point, it is very easy to deduce the following mapping by identifica-
tion:
f(t) =
2
M2pl
LR, c(t) = −1
2
(LN + F˙) + (HL˙R − L¨R − 2LRH˙),
Λ(t) = −L¯+ F˙ + 3HF + 2(3H2LR + L¨R + 2HL˙R + 2H˙LR) + c ,
M¯22 (t) = −A− 2LR, M42 (t) =
1
2
(
LN +
LNN
2
)
− c
2
,
m¯31(t) = −B − 2L˙R, M¯23 (t) = −2LS + 2LR,
m22(t) =
Lα1
4
, µ21(t) = LNR. (36)
Let us show a practical example by considering the f(R)-gravity the-
ory [97, 98]. The mapping of the latter into the EFT language was first
derived in Refs. [44, 104], but here we use the above recipe to find the map-
ping relations. The f(R)-gravity action is:
Sf =
∫
d4x
√−gM
2
pl
2
[R + f(R)] , (37)
where f(R) is a general function of the four dimensional Ricci scalar. We
expand this action around the background value of the Ricci scalar, R¯:
Sf =
∫
d4x
√−gM
2
pl
2
{[
1 + fR(R¯)
]
R + f(R¯)− R¯fR(R¯)
}
, (38)
where fR ≡ dfdR . Now we use the Gauss-Codazzi relation [109] to write the
above action in the ADM formalism:
Sf =
∫
d4x
√−gM
2
pl
2
{[
1 + fR(R¯)
] [R+ S −K2]
+
2
N
f˙RK + f(R¯)− R¯fR(R¯)
}
. (39)
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Finally, using eqs. (36), one finds the following mapping relations
f(t) = 1 + fR(R¯) , Λ(t) =
M2pl
2
f(R¯)− R¯fR(R¯) , (40)
and the other EFT functions are zero.
The general recipe of eqs. (36) is very handful when implementing a spe-
cific model in an EB code using the mapping procedure as illustrated in
Section 2.8.
2.5. Stability conditions
We reviewed the construction of a very general framework enclosing many
DE/MG models in the previous Sections. Because of the wide generality of
the EFT approach, it is of crucial importance to ensure that the theory
of gravity under consideration is free from pathological instabilities, such
as ghosts, gradient and tachyonic instabilities [110]. When testing gravity
models with cosmological data using statistical tools [111, 72, 73, 74], these
viability criteria can reduce the parameter space to explore [85, 112, 113] or
even dominate over the constraining power of data [73, 48, 113].
Such instabilities are related to the evolution of the extra scalar DoF and
when matter fields are involved, they can also contribute to the stability con-
ditions and, as such, alter the viability space of the theory [114, 115, 116,
117, 88, 80, 118, 119]. Hence, the latter need to be consistently considered
when analyzing the stability of the whole system. Fundamental then becomes
the choice of the matter action. Recently, it has been shown [120, 118] that
among the models describing the matter action [121, 122, 114, 115, 116, 123,
117, 88, 80, 79, 82, 119], the more appropriate choice is the Sorkin-Schutz ac-
tion [121, 122]. This action describes general matter fluids and the canonical
field characterizing the matter DoFs is the matter density perturbation, δm.
The latter allows to avoid the problem of a divergent action when including
pressure-less matter fluids, such as baryon and dark matter.
One can then construct an action S made by the EFT action (5) (SEFT )
and the Sorkin-Schutz one (Sm), S = SEFT +Sm. The action S then includes
one DoF for the gravity sector, namely ζ, defined as the scalar perturbation
of hij
4, as many DoFs, δm,i, as matter fluids considered and the tensor modes
4The ADM metric perturbations for the scalar and tensor components reads: ds2 =
−(1+2δN)dt2 +2∂iψdtdxi+a2
[
(1 + 2ζ)δij + h
T
ij
]
dxidxj , where δN(t, ~x) is the perturba-
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hTij. As a result one obtain an action for scalar modes (S
s) and one for tensor
modes (ST ). In Fourier space they have the following compact forms:
Ss =
1
(2pi)3
∫
d3k dt a3
(
~˙χtA~˙χ− k2~χtG~χ− ~˙χtB~χ− ~χtM~χ
)
, (41)
ST =
1
(2pi)3
∫
d3k dt a3
M2(t)
8
[
(h˙Tij)
2 − ct(t)2k
2
a2
(hTij)
2
]
, (42)
where ~χt = (ζ, δi) is a dimensionless vector and A,G,B,M are matrices
whose coefficients are combinations of EFT functions and some matrices
also manifest a k dependence 5. We refer the reader to [118] for further
details and the complete expressions of the matrices. Finally, M2(t) and c2t
are respectively the effective Planck mass and the speed of propagations of
tensor modes. In section 2.6 we provide their expressions in terms of EFT
functions.
Let us now discuss the three main sources of instability related to the
above actions:
• The Ghost instability corresponds to having modes with negative ki-
netic energy. In this case the high energy vacuum is unstable to the
spontaneous production of particles [124, 125]. Such a pathology is
regulated by demanding for a positive kinetic term if only one field is
involved, or a positive kinetic matrix if more fields define the system.
In the scalar modes action such condition corresponds to requiring A
to be positive definite, i.e. all eigenvalues must be strictly positive.
The condition is imposed only in the high energy regime because the
ghost instability generated in the infrared regime corresponds to the
physical phenomenon of the Jeans/tachyonic instability [126], which
can be controlled demanding for specific conditions, as we will discuss
in the following. Let us note that in the case of the EFT framework,
tion of the lapse function, ∂iψ(t, ~x) is the scalar perturbation of the shift function, ζ(t, ~x)
of the three dimensional metric and hTij(t, ~x) are the perturbed metric components which
contribute to tensor modes.
5A similar analysis for the no-ghost and no-gradient conditions can be performed
by starting from the action (5) and restoring the broken symmetry by means of the
Stu¨ckelberg trick (see Section 2.3). In this case the propagating DoF associated to the
gravity sector is pi. The stability conditions have been derived with this approach for
Horndeski-like models [45, 85].
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one has to consider that such approach is valid up to a certain cut-
off scale, namely Λcut−off . Then, when performing high-k expansions
one has to assume the following relations between the scales involved,
H  k/a  Λcut−off . The no-ghost condition when applied to the
tensor modes action (42) reads M2 > 0.
• The Gradient or Laplacian instability occurs when the DoFs propa-
gate with negative speeds, i.e. c2s,i < 0 and c
2
t < 0. This signals the
presence of exponentially growing modes. The regime in which the
gradient instability manifests itself is in the high-k regime. The speeds
of propagation of each DoF can be identified by computing the field
equations associated to the actions (41) and (42) and considering their
high-k expansions. To avoid the gradient instabilities, which would
be catastrophic for the system, one has to require that the speeds of
propagation are positive, i.e. c2s,i > 0 and c
2
t > 0.
• The Tachyonic and Jeans instabilities are the less severe instabilities
and they appear when the DoF has a negative mass squared. In partic-
ular, they arises when the perturbations are not computed about the
true vacuum of the theory [5]. In order to account for this pathology,
one can look at the boundedness of the Hamiltonian at low momenta.
These conditions are less explored with respect to the no-ghost/no-
gradient conditions and a full and general derivation in the context of
the EFT framework is done in Ref. [118]. Starting from the above ac-
tion (41), it is possible to obtain the associated Hamiltonian, namely
H (Φi, Φ˙i) of canonical fields Φi, which in the case of one fluid assumes
the form
H (Φi, Φ˙i) =
a3
2
[
Φ˙21 + Φ˙
2
2 + µ1(t, k) Φ
2
1 + µ2(t, k) Φ
2
2
]
, (43)
where µ1 and µ2 are the mass eigenvalues. The Hamiltonian is un-
bounded from below if the mass eigenvalues are negative, i.e. µi(t, 0) <
0. Requiring µi > 0 would result in a too stringent condition. A less
severe request, if the µi are negative, is to demand they satisfy the
condition |µi(t, 0)| . H2. In this case the time scale of evolution of the
instability is larger than the Hubble time so that it will not affect the
stability of the system. Such condition will allow to have µi negative
at some times. This behavior is known as Jeans instability and it is
necessary in order for structures to form.
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The pathologies listed above concern both the scalar propagating modes as
well as the tensor ones. Let us note that in the case of the scalar action (41) a
unique condition for each of the above points, encompassing all viable theories
included in the EFT framework, cannot be computed. This is because of
the large number of operators involved and the different k dependence they
carry, in particular the operators accompanying M¯23 , M¯
2
2 and m
2
2. Because
the stability requirements discussed above demand for high-k or low-k limits,
a certain number of sub-cases need to be considered to account for different
powers of k appearing in the action and equations [118]. The three most
relevant cases are [118]: 1) the general case for which m22 6= 0 and M¯32 +M¯22 6=
0; 2) the GLPV case which includes Horndeski as sub-case; 3) the Horˇava
gravity like case. Regardless of the sub-cases considered, the matter fields do
not modify the ghost conditions. The same is not true for the case of gradient
and tachyon instabilities where the combination of matter and gravity fields
is non trivial. For example, in the case of GLPV, it has been found that
the speed of propagation of the gravity DoF and that of the radiation fluid
do not decouple even at high-k [37, 88, 82, 118]. Most of the investigations
we review in the next Sections are limited to the case of Horndeski theories.
For this case, the stability requirements concerning the absence of ghosts and
positive speeds of propagation become very simple because the k dependence
in the matrices disappears and the matter fields do not affect any of them.
On the contrary the mass eigenvalues are strongly modified by the presence
of matter fields. Regardless of the sub-case considered, if direct couplings
between the extra scalar field and matter are included, the no-ghost and
no-gradient conditions are modified [79, 81].
Finally, it has been noticed that the conditions for the absence of ghost
and gradient instabilities do not dependent on the gauge choice, on the con-
trary the expressions for the mass eigenvalues do [127]. The Hamiltonian
(43) indeed is written in terms of fields which may not have a clear physical
interpretation. Thus in order to look for the proper tachyonic conditions, it
would be more appropriate to consider the following gauge invariant quantity
describing the linear density perturbation of the DE field [127]:
δφ ≡ δρφ
ρ¯φ
+
˙¯ρφ
ρ¯φ
[ψ − γ˙ + 2Hγ] , (44)
where ψ and γ are the scalar perturbations respectively of the shift function
and of the metric tensor of the three dimensional spatial slices. Standard bars
stand for background values. This definition is very general and applicable
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both in the presence of matter fields and in the late time Universe. The action
(41) can be written in terms of δφ. The resulting stability requirements in the
de Sitter limit, which arise by imposing the absence of ghost and gradient
instabilities, do not change when considering the ζ field nor δφ. On the
contrary, the mass term for the two fields is distinctively different [127].
Further analysis in this direction is still necessary in order to extend the
results of [127] by adopting the procedure illustrated in [118]. This would
allow to definitively identify the mass of the physical perturbation field δφ in
presence of matter fields.
The relevance of imposing physical motivated stability requirements is
not limited to demanding a viable gravity theory but they also have power
to constrain models parameters. We review and discuss some considerable
results in Section 3.3.
2.6. α-basis: a phenomenological parameterization
An alternative parameterization of the EFT action, dubbed the α-basis,
was developed in [128] in order to describe specific physical properties of
the Horndeski theory. In that case any departure from GR is described
by four time dependent phenomenological functions, namely αM(t), αB(t),
αK(t), αT (t). The original α-basis was generalized later to include GLPV
models by adding an additional function, αH(t) [80, 104], and finally it was
further developed to include higher spatial derivatives operators accounting
for Lorentz violation, e.g. αK2(t), α
GLPV
B (t) [78]. The α-basis has the benefit
of relating the evolution of the coupling functions to clear physical effects,
hence it is a more phenomenological approach.
The quadratic action in the α-basis encompassing Horndeski, GLPV and
low-energy Horˇava gravity can be written in ADM formalism and Fourier
space as follows [78]
S =
1
(2pi)3
∫
d3kdt a3
M2
2
{
(1 + αH) δNδ1R˜+ 2HαBδNδK˜
+ δK˜µν δK˜
ν
µ − (αGLPVB + 1)(δK˜)2 +
(
αK + αK2
k2
a2
)
H2(δN)2
+ (1 + αT )δ2(R˜δ(
√
h))
}
, (45)
where the geometrical quantities with tildes are the Fourier transforms, δ2
refers to taking the expansion at second order in perturbations, h is the
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determinant of the spatial metric hij. The identification with the EFT basis
reads
αB(t) = −
M2plf˙+ m¯
3
1
HM2
, αT (t) =
M¯23
M2
≡ c2t − 1 , αK(t) =
2c+ 4M42
H2M2
,
αK2(t) =
8m22
M2H2
, αH(t) =
2µ21 + M¯
2
3
M2
, αGLPVB (t) =
M¯23 + M¯
2
2
M2
, (46)
where M2(t) = M2plf− M¯23 is the effective Planck mass and ct is the speed of
propagations of tensor modes or equivalently of gravitational waves (GWs).
One can complement the above functions with the running of the effective
Planck mass,
αM =
1
H
d lnM2
d ln t
, (47)
which characterizes the evolution rate of the effective Planck mass.
Let us now discuss the physical interpretation of the above basis [128, 80,
104, 78, 129]:
• αM is the running Planck mass. As specified above, this function
parametrizes the time evolution of the effective Planck mass. A running
Planck mass modifies the growth of structures, introduces anisotropic
stress and modifies the friction term in the GW equation (74).
• {αB, αGLPVB }: αB is the braiding function [128] 6. It describes the mix-
ing between the metric and the DE field. αB is different from zero for all
the theories showing non-minimal coupling to gravity and/or possessing
the δNδK operator in the action, i.e. f(R), LH3 , L
H
4 , L
H
5 , L
GLPV
4 , L
GLPV
5 ,
where LHi and L
GLPV
i are respectively the Lagrangians of Horndeski
and GLPV theories. This operator does not appear when one con-
siders quintessence and K-essence models (LH2 ). The additional func-
tion αGLPVB extends the braiding effect to scalar-tensor theories beyond
GLPV. Both braiding functions take place in the kinetic term and the
speed of propagation of the scalar mode, hence impacting the clustering
properties of DE.
• {αK , αK2}: αK is called kineticity and is purely a kinetic function and
αK2 is its extension to Lorentz violating theories. They both enter the
6The definition of αB presented here follows the one in Ref. [128]. We note that it
differs by a minus sign and a factor 2 from the one defined in Ref. [104, 78].
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definition of the kinetic term. They affect the speed of propagation of
the DE field hence the condition for the absence of a scalar ghost. In
particular, large positive values of these functions suppress the sound
speed of scalar perturbations. The αK function is characteristic of the-
ories belonging to GLPV models for which αK2 vanishes. The opposite
holds for low-energy Horˇava gravity. αK is the only coupling present
in quintessence or perfect-fluid DE models.
• αT is the tensor speed excess and describes the deviation of the speed of
propagation of GWs from the speed of light. This function is present
in Horndeski, GLPV and low-energy Horˇava gravity. It affects the
evolution of the scalar gravitational potentials leading to anisotropic
stress (see Section 3.1).
• αH characterizes the departure from Horndeski theories. It contributes
to the speed of propagation of the scalar DoF and couples the gravi-
tational field to the velocity of matter [37]. This function is present in
GLPV and low-energy Horˇava gravity models. In particular, in the lat-
ter case this function can be further extended with additional functions
associated with higher order spatial derivatives terms in high-energy
Horˇava gravity [78] for example.
The above basis was carefully built to consider the different phenomeno-
logical aspects of the DE fluid. However, let us notice that the desired
correspondence between the α-functions and physical effects becomes weaker
when going beyond the Horndeski class.
2.7. Couplings with matter fields
The EFT formalism described through the action (5) assumes the mat-
ter fields, χm, are minimally coupled to gravity through a unique metric
Lm(gµν , χm). This frame dubbed Jordan frame is the standard frame where
the interpretation of cosmological measurements are performed. The reason
for using the Jordan frame relies on the fact that stringent constraints exist
on the couplings between the extra DoF and the standard matter species, i.e.
baryons and photons [130, 131]. As a consequence such couplings are chosen
to be minimal, i.e. the matter fields are not coupled to the scalar curvature.
However, in the case of dark matter and neutrinos, observational constraints
are less severe and one has more freedom. One can consider therefore a frame
where the gravitational interaction between the additional scalar DoF and
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the matter fields is explicit. The so-called Einstein frame. In this frame, the
metric gˆµν is related to the Jordan frame metric gµν by a conformal/disformal
transformation as follows 7:
gˆ(i)µν = Ci(φ)gµν +Di(φ,X)∂µφ∂νφ , (48)
where Ci and Di are respectively the conformal and disformal couplings for
each matter species i and X = ∂µφ∂
µφ. The condition Ci > 0 is necessary
to preserve the signature of the Jordan frame metric. Let us note that the
transformation (48) preserves the structure of the Lagrangian in GLPV the-
ories [80], while in the case of Horndeski theories the structure is preserved
if and only if Di(φ) [133, 132].
Couplings with matter fields have been investigated in the EFT frame-
work for Horndeski theory [79] and later generalized to GLPV [80, 81, 82].
We treat hereafter the general case of GLPV [82]. Using the unitary gauge
and the ADM formalism, the disformal transformation in eq. (48) reads
gˆ(i)µν = Ci(t)gµν +Di(t, N)δ
0
µδ
0
ν . (49)
Then, one can add to the α-basis in action (45) for each matter species three
coupling functions defining the conformal and disformal interactions [82]
αC,i =
1
2H
dlnCi
dt
, αD,i =
Di
Ci −Di , αX,i =
1
2Ci
∂Di
∂N
. (50)
Note that for the case of Horndeski theories αX,i = 0. One has a total of
3Ni + 5 time-dependent functions if Ni matter species are present where
the +5 are the standard coupling functions characterizing GLPV theories.
However, the arbitrariness in the choice of the gravitational metric used to
define the gravitational and matter sectors makes three of these functions
redundant. The structure of the action is preserved under transformations
of the reference metric thus the number of physically relevant functions of
time reduces to 3Ni + 2 [82].
The inclusion of disformal couplings has been shown to impact the no-
ghost and no-gradient stability requirements [79, 81]. The disformal cou-
plings indeed contribute to the kinetic term of the scalar modes, thus the
7Let us note that the transformation (48) can be more general, for instance Ci can
also depend on X or even it can include an extended disformal term given by a rank-two
symmetric tensor [132].
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condition for the absence of ghost is modified and in turn the speed of prop-
agation as well. Furthermore, the corresponding conditions are frame inde-
pendent [79, 81].
2.8. Einstein-Boltzmann codes
In order to perform explorations of cosmological observables and con-
strain cosmological and model parameters, one option is to modify existing
EB codes based on ΛCDM. The latter allow to numerically evaluate the lin-
ear evolution of relevant perturbed quantities in DE/MG scenarios. As a
result, general purpose codes have been developed using the EFT formal-
ism in order to encompass a wide range of DE/MG models and to allow for
model-independent exploration of their properties (pure EFT approach) as
well as for a full implementation of specific models once the mapping has
been worked out (mapping approach). In the pure EFT approach, the user
has to specify the expansion history, i.e. choose the functional form of two
out of the four background functions (f, wDE(a), c and Λ) and the functional
forms of the other EFT functions. In the mapping approach, the user has
to implement a background solver to find the expansion history, H, for the
desired model and provide the mapping relations for the EFT functions as
discussed in Section 2.4. A variant in the background solver is the so-called
designer approach, i.e. the expansion history is fixed (wDE(a)) and the dy-
namical equation for the gravity field is solved. The EFT functions are then
specified using the mapping recipe. Such EB codes allow to evolve the full
set of linear perturbative scalar and tensor equations without relying on any
Quasi Static (QS) approximation. The QS approximation consists in ne-
glecting the time derivatives of linear perturbations and it is usually applied
within the sound horizon of the DE mode, k/aH > cs [134, 135]. However,
the latter is a necessary condition for the QS approximation to hold but not
sufficient to exploit the full dynamics of the extra DoFs [136].
A collection of EB solvers based on the EFT framework has been com-
pared and cross-calibrated recently [137, 76]. Among them, there are: the
Effective Field Theory for CAMB (EFTCAMB) [72, 73], Horndeski in CLASS
(hi class) [74], Cosmology Object Oriented Package (COOP) [75] and Equa-
tion of State for CLASS (EoS class) [76]. All are publicly available 8. Here
8 EFTCAMB webpage: www.eftcamb.org; hi class: webpage: www.hiclass-code.
net; COOP webpage: www.cita.utoronto.ca/~zqhuang; EoS class webpage: https:
//github.com/fpace.
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we briefly describe their main features:
• EFTCAMB is a patch for the public EB solver CAMB [138] which imple-
ments the EFT approach using the formulation presented in [45]. The
set of EFT functions used in EFTCAMB is in Appendix B (we refer to
it as EFTCAMB basis hereafter). The code has built-in models which
include specific theories such as designer f(R)-gravity [73], f(R)-Hu
Sawicki model [139], minimally coupled quintessence [86], low-energy
Horˇava gravity [48], covariant Galileon [140], K-mouflage [141], Galileon
Ghost Condensate [142], beyond Horndeski model [143] as well as sev-
eral model-independent parameterizations of the DE equation of state
and choices for the EFT functions. It allows to use the α-basis as
well [128]. A novelty introduced in the EFTCAMB patch is the built-in
stability module which checks for the viability of the underlying theory
of gravity by imposing the full set of physical conditions discussed in
Section 2.5, i.e. no-ghost and no-tachyonic conditions and a positive
speed of propagation. The resulting viable parameter space is supplied
as prior when using the Markov Chain Monte-Carlo (MCMC) code
named EFTCosmoMC [73].
• hi class is a modified version of the public EB solver CLASS [144] which
implements Horndeski theory by using the formalism of the α-basis, i.e.
αM , αK , αT , αB [128]. It has been recently extended to include also αH
which is characteristic of GLPV models [145]. The code includes the
EFTCAMB basis as well. The code is comprised of several built-in specific
theories such as quintessence, with different choices for the potential,
Brans-Dicke theory [146], covariant Galileon [147] and also allows for a
model-independent exploration of the α-basis with built-in models. A
stability check ensures the viability of the theory by implementing the
no-ghost and positive speed conditions. hi class is interfaced with
MontePython [148, 149] to compute cosmological constraints.
• COOP is an EB code which solves the linear cosmological perturbations
for GLPV theories and sub-classes by implementing the formalism of
the α-basis. It also includes a stability module verifying the absence of
ghost and gradient instabilities. The likelihoods to perform cosmolog-
ical constraints are embedded within the code itself.
• EoS class is a modified version of the public EB solver CLASS [144].
It implements the α-basis description of the Horndeski theory [128].
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Unlike the previous EB codes, EoS class is based on the equation of
state approach [150]. This formalism encloses the modifications to GR
in an effective fluid described by a non-trivial stress-energy tensor and
the coefficients multiplying the fluid perturbations are written in terms
of α-functions. The code also includes as specific theory the designer
f(R)-model (CLASS EOS FR) [151].
Authors in Ref. [137] compared the shapes of the CMB angular power
spectrum and of the dark matter power spectrum predicted by EFTCAMB,
hi class and COOP. The results agree at a level of 0.1% for the matter power
spectrum at all scales and for the TT, EE, TE spectra of CMB for angular
scales ` > 100. Deviations of up to 0.5% arise for ` < 100 due to known lack
of convergence issues already detected when comparing results of CAMB and
CLASS in ΛCDM. The analysis of COOP, instead, shows that COOP achieves
the required precision only for k < 1hMpc−1. EoS class was cross-checked
with hi class for the α-basis [76] and with EFTCAMB for the designer f(R)-
model [137] showing a sub-percent agreement. These results strengthened
the confidence on these numerical codes making them efficient for precision
constraints on cosmological and gravitational parameters.
The initial conditions (ICs) for N-body codes can be fixed by using the
linear EB codes or using the Zel’dovich’ approximation [152]. Due to the
complexity of modeling the physical phenomena approximations are some-
times employed to set ICs, which for example do not account for dynamical
perturbations of DE that instead might be significant. In this regard, ICs
for N-body simulations were discussed within the EFT framework [153]. The
model considered for the analysis is the f(R)-gravity, modeled using the de-
signer approach [154], i.e. the expansion history is fixed and the dynamical
equation is then solved for f(R(a)). In this specific case the expansion his-
tory is chosen to closely mimic the ΛCDM and wCDM. As result, ICs set at
early time leave imprints up to 5% at Mpc scales. This notably implies that
one must go beyond the ΛCDM ICs for a proper implementation of N -body
simulations in MG theories. A public code for the generation of ICs exists:
FalconIC [153] 9. It can be linked to any version of both EB codes CAMB and
CLASS, including EFTCAMB.
Many of the phenomenological investigations and cosmological constraints
9FalconIC webpage: http://falconb.org
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we present in the next Sections are obtained using the above linear EB pack-
ages.
3. Novel predictions
Ongoing and future cosmological surveys offer an unprecedented insight
into gravity on cosmological scales. The EFT framework revealed to be a
powerful theoretical tool to systematically identify clear patterns and pre-
dictions of MG and DE proposals. In this Section, we review the novel
predictions obtained with this approach, namely by using the systematic en-
forcement of stability conditions and the straightforward computation of cos-
mological predictions and observables. Let us note that until now the widely
investigated class of models within the EFT framework is Horndeski grav-
ity, which encloses a large class of well known scalar-tensor theories. Thus,
most of the results presented in this Section apply to Horndeski models even
though in some cases they can be straightforwardly extended.
3.1. Gravitational couplings
Cosmological probes can be schematically divided into two subsets: sur-
veys observing the smooth expansion of the Universe, such as SNIa and
BAO, will constrain the Hubble rate H(t) or the DE equation of state wDE;
GC, RSD, CMB and WL surveys scrutinize the clumpy nature of Universe
at large scales leading to measurements of gravitational potentials, matter
density and temperature fluctuations power spectra. The latter data can be
seen as hybrid probes since they contain information both on the evolution of
the background and perturbations. These cosmological probes can be used
to test DE and MG proposals at cosmological scales. Regarding the evolu-
tion of perturbations in scalar-tensor theories, the two powerful and handy
phenomenological functions µ(t, k) and Σ(t, k) prove useful to interpret the-
oretical predictions in light of observations [155, 156, 157, 158, 159]. The
former, known as the effective gravitational coupling or the effective New-
ton constant, characterizes the modifications of gravity on the clustering of
matter. The latter, called the light deflection parameter, describes the mod-
ifications of gravity on null geodesics, i.e. how light travels on cosmological
distances. To define these phenomenological functions, let us consider linear
scalar perturbations for which the line element in Newtonian gauge reads
ds2 = −(1 + 2Ψ)dt2 + a(t)2(1− 2Φ)δijdxidxj , (51)
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where {Ψ(t, xi),Φ(t, xi)} are the gravitational potentials. The µ(t, k) and
Σ(t, k) functions are defined in Fourier space as
− k
2
a2
Ψ = 4piGN µ(t, k)ρm∆m , −k
2
a2
(Ψ + Φ) = 8piGNΣ(t, k)ρm∆m , (52)
where GN is the Newton gravitational constant and the comoving density
contrast is defined as ∆m = δm + 3Hv/k, where δm = (ρm − ρ¯m)/ρ¯m is the
density contrast and v is the irrotational component of the peculiar velocity.
GC and RSD data, being statistics of the matter perturbation stochastic
field, are direct probes of µ. Σ measuring the deviation in the Weyl potential
(Φ+Ψ) can be probed with measurements sensitive to the lensing of light. A
third quantity, although its connection to observations is less obvious, called
the gravitational slip parameter, is often considered
η(t, k) =
Φ
Ψ
. (53)
The three phenomenological functions are thus linked by the relation
Σ(t, k) =
µ(t, k)
2
(1 + η(t, k)) . (54)
Note that the GR limit is recovered when the three phenomenological func-
tions are equal to unity.
Finding analytical forms of any of the above functions is generally not pos-
sible but requires numerical solving. However, a direct connection between
them and a specific theory of gravity can be derived if the QS approxima-
tion is assumed. This approximation amounts to neglecting terms involving
time derivatives in the Einstein equations for linear perturbations. It has
been proved to be a valid assumption within the sound horizon of the DE
mode [134, 135]. The advantage offered by the EFT approach is twofold.
On the one hand, it grants the possibility to explore modification of gravity
beyond the simplifying assumption that is the QS approximation. In this
case µ, Σ and η can be computed numerically using EB codes which evolve
the full linear perturbative equations of the EFT formulation. On the other
hand, it allows to obtain explicit and algebraic expressions in the QS limit
for each phenomenological function, enabling a direct and neat connection
between observables and the relevant couplings of the gravitational inter-
action, i.e. the EFT functions. In this case the analytical expressions are
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obtained for large classes of models (e.g. Horndeski, GLPV, Horˇava gravity)
instead of being derived for any specific theory such as f(R)-gravity. As we
will see further on, most of the discussions on the phenomenology of µ, Σ
and η in literature deals with Horndeski models and sub-classes. We thus
focus on these cases here while we refer the reader to [79, 54, 64, 82, 145]
for the expression of the phenomenological functions in scenarios beyond this
landscape. For the case of Horndeski models and sub-classes, the analytical
expressions of the phenomenological functions in the QS approximation can
be written as follows
µ =
M2pl
M2
1 +M2C
a2
k2
1
2
f1f3M2 +
M2C
1 + αT
a2
k2
, (55)
η =
f5
f1
+
M2C
1 + αT
a2
k2
1 +M2C
a2
k2
, (56)
Σ =
M2pl
2M2
1 +
f5
f1
+M2C
(
1 +
1
1 + αT
)
a2
k2
1
2
f1f3M2 +
M2C
1 + αT
a2
k2
, (57)
where fi and M
2
C depend on the EFT functions (see [160] for details). MC
sets a crucial transition scale: the one below which the scalar field mediates
a fifth force [5]. A fifth force is characteristic of MG theories with extra DoFs
and the transition scale depends on the dynamical mechanism which screens
the strength of the scalar fifth force in local environments [5]. Astrophysical
scales are typical examples of screened environments. In other words, the
transition scale relates to the Compton wavelength of the scalar field, λC, as
MC ∝ λ−1C . Theories of the chameleon type [161, 162] display a small Comp-
ton wavelength λC . 1 Mpc, whereas models exhibiting self acceleration,
and in a more general sense, models where the extra DoF sources cosmic
acceleration, bare a very large Compton wavelength λC ∝ H−1. Let us look
into both regimes in more details.
On super-Compton scales, i.e. k/a  MC, which we identify with sub-
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script “sc”, the eqs. (55)-(57) reduce to [160]
µsc =
M2pl
M2
(1 + αT ) , ηsc =
1
1 + αT
, Σsc =
M2pl
M2
(
1 +
αT
2
)
. (58)
The above are thus representative of the modification of gravity which re-
main in a screened environment. For scalar-tensor theories such environment
amounts to a medium where the scalar field is decoupled from the matter
fields. The only mediators left to transmit long-range interactions are the
tensors modes.
On the other hand, in the sub-Compton regime, i.e. k/a  MC, which
we denote with subscript “∞”, the eqs. (55)-(57) yield [160]
µ∞ =
M2pl
M2
(
1 + αT + β
2
ξ
)
,
η∞ =
1 + βBβξ/2
1 + αT + β2ξ
,
Σ∞ =
M2pl
M2
(
1 +
αT
2
+
β2ξ
2
+
βBβξ
4
)
, (59)
where
β2B =
2
c2sα
α2B ,
β2ξ =
2
c2sα
(αB
2
(1 + αT ) + αM − αT
)2
,
α = αK +
3
2
α2B , (60)
with α being the no-ghost condition and c2s the speed of propagation of the
scalar mode. These represent then the full modifications of gravity on large
cosmological scales.
The phenomenological functions written as in eq. (59) allows a deeper
understanding of the origins of modifications of gravity. For example the
effective gravitational coupling µ can be understood as
µ∞ = µsc (1 + µff) , (61)
where µff = β
2
ξ/(1 + αT ) characterizes directly the strength of the fifth-force
mediated by the scalar field [163]. This contribution must be positive for a
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viable model since the gravitational interaction induced by a healthy spin-
0 field is always attractive. This is indeed the case thanks to the stability
conditions: {c2s, α} > 0 for scalar modes and 1 + αT > 0 for tensor modes.
We must emphasize that care must be taken regarding the normalization
of the effective Planck mass. Defining a screened version of the phenomeno-
logical functions amounts implicitly to deciding the normalization scheme
adopted for the effective Planck mass. Experiments measuring the value
of the Newton constant are performed in a screened environment and thus
probe the gravitational coupling which remains in the EFT action once the
scalar field is decoupled from the gravitational potentials: Gsc = (1+αT )/M
2
[163]. Therefore, at present time, t0, its value must coincide with the Newton
constant, i.e. Gsc(t0) ≡ GN, which implies µsc must be normalized as [163]
µsc =
Gsc(t)
Gsc(t0)
=
M2(t0) (1 + αT )
M2 (1 + αT (t0))
. (62)
Upon identification with eq. (58) one deduces M2pl = M(t0)
2/ (1 + αT (t0)).
Importantly, this also implies that µsc(t0) = 1. Note that writing a simple
and analytical definition of µsc might not be straightforward when the QS
approximation is not applied. In this respect, this normalization is not always
adopted in literature. In the rest of the review, if not stated otherwise, we
assume the convention to set the effective Planck mass today to the Planck
mass is the one adopted10.
3.2. Phenomenology from µ, Σ and η
The phenomenological functions µ,Σ, η introduced in the previous Section
can be used for a systematic interpretation of observations with the aim
10The previous being a matter of definition, one might be led to believe a simple rescaling
of results in one normalization into the other to be sufficient to establish a fair comparison.
This however has some caveats because of the underlying stability conditions. Let us
consider an illustrative example. In the context of Horndeski theories, stability conditions
and observations generically push towards M2(t) & M2pl. Assuming this strict prior and
considering the normalization M2(t0) = M
2
pl, an MCMC analysis would therefore produce
models satisfying dM2(t0)/dt & 0 only. On the contrary, if the normalization of M2 is left
free, provided M2(t0) 6= M2pl, both outcomes dM2(t0)/dt & 0 and dM2(t0)/dt . 0 would
appear and be stable. As a result, the posterior distribution on M2, if not all parameters
of the analysis, will be different than in the former case. Both the size and the shape thus
depend on the normalization and a simple rescaling would not suffice.
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Figure 1: Figure 1 in Ref. [160]. The diagram summarizes systematic interpretations of
the phenomenological functions µ and Σ according to their potentially measured values
with the purpose of constraining/ruling out Horndeski models. Gi functions are the free
functions in Horndeski theory and µ0,Σ0, cT are respectively µsc, Σsc and ct in this review.
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of constraining or ruling out classes of DE/MG models. Analyzing their
expressions in terms of EFT functions already gives an insight about the
phenomenology of models. Furthermore, numerical investigations of these
phenomenological functions give also precious information since the planes
identified by µ - η and µ - Σ have been proven to be sound benchmarks to
highlight peculiar features of DE/MG models. In this regards the use of a
Monte-Carlo approach to systematically generate large samples of pure EFT
models (∼ 104) under stability requirements enables to draw conclusions of
wide applicability.
Figure 1 [160] is a practical example of how model-independent measure-
ments can help in the diagnostic of Horndeski models. Self-accelerating mod-
els [164, 165] have a very small scalar mass, comparable to the Hubble rate,
then a detection of k-dependence by LSS surveys in either of the phenomeno-
logical functions would rule these models out. The condition µ∞ > µsc follows
from the presence of attractive fifth force in Horndeski models, hence a de-
tection of the opposite, µ∞ < µsc, would rule out the whole class of models.
In the super-Compton limit, αT regulates the deviation in the slip parameter.
Thus an observation of ηsc = 1 or µsc = Σsc would imply αT = 0. The oppo-
site also holds, a measurement of αT = 0 requires ηsc = 1 otherwise Horndeski
theories would be ruled out. GWs are weakly constrained on cosmological
scales with CMB but recently the Laser Interferometer Gravitational-Wave
Observatory (LIGO)/Virgo and the INTernational Gamma-ray Astrophysics
Laboratory (INTEGRAL)/Fermi collaborations constrained the deviation in
the speed of GWs to be smaller than 10−15 [166, 167]. This has severe impli-
cations for MG and in particular on the form of G4 and G5 in the Horndeski
Lagrangian [168, 169, 170, 171, 172] (see Section 5.2 for a more detailed
discussion). Assuming therefore that αT is negligible, a measurement of
µ∞ 6= Σ∞ would give a signature of αM 6= 0. On the contrary it would
constrain the form of G4 and G5 in the Horndeski Lagrangian [160].
The QS relations of µ and Σ discussed in Section 3.1 allowed to deduce
another important feature characterizing the Horndeski models, the so-called
µ-Σ conjecture [160]
(µ− 1)(Σ− 1) > 0 , (63)
which states that measurements of µ− 1 and Σ− 1 of opposite signs at any
redshift, z, and scale would strongly disfavor Horndeski models. A value of
µsc < 1 is predicted by self-accelerating models due to an increasing effective
Planck mass. Then one does not expect to observe Σsc > 1. The latter is
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Figure 2: Figure 4 in Ref. [136]. The distribution of the µ and Σ from the Monte-Carlo
sampling of viable pure Horndeski models with ct(z = 0) = 1 as function of the scale factor
a and for three fixed values of k. The black crosses represent models obtained in the QS
approximation while orange dots are models computed exploiting the full dynamics.
extremely unlikely since it would require a large positive αT to change the
trend of the effective Planck mass only in Σsc. In the sub-Compton regime
by comparing µ∞ and Σ∞ from eqs. (59), it is straightforward to deduce
that the conjecture breaks down if the following inequalities hold [136]
1 +
1
2
(
αT + β
2
ξ + βξβB
)
<
M2
M2pl (1 + αT )
< 1 + αT + β
2
ξ , (64)
1 + αT + β
2
ξ <
M2
M2pl (1 + αT )
< 1 +
1
2
(
αT + β
2
ξ + βξβB
)
. (65)
The sign agreement between µ∞−1 and Σ∞−1 thus depends on the competi-
tion between the EFT functions {M2, αT} and the quantities {βξ, βB}. This
physically translates into the competition between screened and fifth force
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contributions. The failure of the conjecture on sub-Compton scales would
then require a significant fine-tuning. The sign agreement in µ∞ − 1 and
Σ∞− 1 is more obvious because they have the same pre-factor and the addi-
tional contributions from αT and the fifth force are of the same order [160].
The existence of a correlation between µ and Σ was also found using a Monte-
Carlo approach to generate a large sample of viable Horndeski model with
a fixed wCDM background 11 and the QS approximation on sub-Compton
scales to model µ∞ and Σ∞ [173]. This diagnostic suggests that Horndeski
theories would be strongly disfavored if [173]: i) µ∞ and Σ∞ are observed to
have opposite sign for z & 1.5; ii) µ∞ < 1 at z = 0. A complementary anal-
ysis allowed to investigate the validity of the conjecture not only at different
redshift but also at different scales as shown in Figure 2 [136]. The results
showed that the conjecture holds very well within the QS approximation, but
the exact behaviors of µ and Σ obtained with EFTCAMB violate the conjecture
at k = 0.001 h/Mpc, where the full dynamics of the Horndeski models allows
Σ > 1 and µ < 1 [136]. The validity of the conjecture at all times is in
tension with the previous work where the sign agreement is lost for z < 1.5
[173]. The reasons stem from how viable are the models considered: using
only stability conditions (ghost and gradient) leads to the violation of the
conjecture at small redshifts [173], while requiring additional priors based on
observational constraints allows for the conjecture to be restored [160]. In
particular, Solar System bounds on the variation of the Newton’s constant
translate into a stringent prior on f at present time [174]. Importantly, the
breaking of the conjecture at k = 0.001 h/Mpc was shown to occur despite
such scale being well within the sound horizon of the scalar field, highlighting
the fact that time derivatives of the scalar field and the metric can no longer
be neglected. Thus the condition of validity of the QS approximation within
the sound horizon of the dark field has to be seen as a necessary condition
but not sufficient [136].
A way to go beyond the QS approximation at large scales while keeping
analytical expressions of the phenomenological functions is to adopt a semi-
dynamical treatment [175], which amounts to consider time derivatives of the
metric potentials and velocity fields on large scales [175]. This extension of
the QS approximation was designed by evolving the perturbations at a given
pivot scale and extrapolating the relations between the perturbations to other
11wCDM is the cosmological model where wDE = w0 and w0 is a free constant parameter.
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Figure 3: Figure 4 in Ref. [175]. The predictions of µ and γ (= η in this review) in GLPV
models using the semi-dynamical treatment of perturbations, the exact solution of linear
perturbations, the QS approximation within the semi-dynamical approach (sd) and the
QS approximation (cv).
scales. Doing so a more precise treatment of large scales is encapsulated while
the connection between theory and observables remains thus straightforward
thanks to analytical expressions of µ and η. They read [175]:
µ =
M2pl
M2
µ+2k
2
H + µ+4k
4
H + µ+6k
6
H
µ−0 + µ−2k2H + µ−4k
4
H + µ−6k
6
H
,
η =
η+0 + η+2k
2
H + η+4k
4
H
µ+2 + µ+4k2H + µ+6k
4
H
, (66)
where µ±i and η+i are expressed in terms of EFT functions and corrective
terms arising from the semi-dynamical treatment. Corrections near the Hub-
ble scale, kH = k/aH, up to order k
6
H in µ and up to k
4
H in the gravitational
slip parameter appear. In the small scales limit (k →∞), the semi-dynamical
expressions for η∞ and µ∞ for Horndeski models match naturally the ones
in the QS approximation. However in the same limit, the velocity field and
time derivative of the spatial metric potential in GLPV theories should not
be neglected. The semi-dynamical expressions differ from the QS ones by
factors proportional to αH . Thus for these theories a semi-dynamical treat-
ment should be preferred over the QS one even at small scales. The validity
of this result is shown in Figure 3 [175].
With the perspective of large amount data from future missions, one
might also tailor efficient procedures to reconstruct the time scaling of the
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Figure 4: Figure 1 in Ref. [107]. The blue density depicts the probability distribution
function (at 68%, 95% and 99% C.L., the white being the mean) of µ, Σ and wDE versus z
of the Monte-Carlo sample for GBD (top row), Horndeski models with ct = 1 (HS, middle
row) and Horndeski models with ct(z = 0) = 1 (HOR, bottom row).
phenomenological functions. As such, one can capture the evolution of µ, Σ
and wDE in joint prior covariance matrices [107]. These matrices can hence
be considered as priors which encapsulate the definite trends on wDE, µ and
Σ of Horndeski theories and sub-classes that are shown in Figure 4. The
Monte-Carlo procedure highlighted that for instance these models can display
µ(z = 0) < 1 as soon as the normalization of the effective Planck mass today
is left free. In parallel, this analysis shows quantitatively how the redshift
evolution of µ and Σ is strongly correlated in scalar-tensor theories, while
their correlation with wDE is progressively washed out when going beyond
GBD models. The correlations to use in future model reconstructions can be
effectively mapped into the CPZ parameterization [176] where for µ and Σ
they are shown to scale as |a − a′| and for wDE as |lna − lna′|, where a and
a′ are two bins in the scale factor [107].
3.3. Impact of stability conditions
In the EFT formulation, the conditions which guarantee the stability
of a theory are expressed in terms of the EFT functions. This allows to
gauge straightforwardly whether a gravitational model is physically viable.
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Figure 5: Figure 1 and 2 in Ref. [85]. The stability regions of pure Horndeski models for
different choices of w¯ (= wDE in this review). The results are obtained using the basis
in Ref. [85] and the 6-parameter form (eq. (B.4)) where α, β are the free parameters
characterizing the variation of the effective Planck mass, η2 the kineticiy, η3 the cubic
Galileon coupling and η4 the speed of GWs. The Top 4 panels in green display the results
for η2 = 0, hence M
4
2 = 0, and bottom 4 panels in orange for η2 = 10
6.
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We have discussed in Section 2.5 the required physical stability conditions a
model has to satisfy, namely, the avoidance of ghosts, gradient and tachyonic
instabilities. Here, we review the implications of such conditions on the
parameter space of models.
From this stability perspective, the “naturalness” of the ΛCDM scenario
among Horndeski theories can be addressed [85]. In this case the Horndeski
class of models is parametrized within the EFT framework using the pure
EFT approach. We refer to them as pure Horndeski models hereafter. As
displayed in Figure 5, the ghosts and gradient stability conditions shrink the
allowed space of EFT parameters up to the point where ΛCDM corresponds
to a corner of the stable region. This happens quite naturally since ΛCDM
corresponds to a non-propagating extra DoF which follows from a vanishing
kinetic term and speed of propagation. In other words, the realm of Horn-
deski theories with an acceleration of the background expansion compatible
with current observational constraints has ΛCDM at its border. Interestingly,
this analysis also revealed the parameter space location of models which vi-
olate the null energy condition in a stable manner, i.e. “super-accelerating”
(or “phantom”) models with wDE < −1. The volume of the parameter space
occupied by the stable pure Horndeski models gradually shrinks as the back-
ground equation of state decreases (see Figure 5). In particular, the ΛCDM
model does not fall within the set of phantom models, highlighting the fact
that at least one non-minimal coupling must be invoked for models to vi-
olate the null energy condition in a stable way. In parallel, there is one
EFT function which does not play a role in the expression of µ nor η when
the QS approximation is considered: M42 or equivalently αK . This coupling
acts solely on the ghost stability condition and regulates hence the speed of
sound of the scalar perturbations. Figure 5 shows also how large values of
this coupling open up the space of stable models and thereby helps to oppose
the shrinking effect due to considering wDE < −1. This feature allowed to
identify a large set of viable null energy condition violating theories.
The impacts of ghost and gradient conditions on GBD class of models
were investigated using the pure EFT approach with an effective Planck
mass defined by the so-called “linear EFT model” [73]:
f(t) =
1
2
(
1 + ΩEFT0 a(t)
)
, (67)
where ΩEFT0 is a constant. As a consequence, all MG effects are captured
by the parameter ΩEFT0 and the constant DE equation of state parameter
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Figure 6: Top panel : Figure 1 in Ref. [73]. The stability regions in the linear EFT and
f(R) designer models. w0 corresponds to the constant value of wDE. Bottom panel : Figure
2 in Ref. [106]. The probability density, indicated by the shades of blue, of wDE(z) (a)
and its projection in the w0-wa plane of the CPL parameterization (b) are shown. The
white lines/points correspond to the mean, the blue lines/contours to the 68%, 95%, 99%
C.L. intervals and the dotted lines to the ΛCDM predictions.
wDE defining a wCDM expansion history. This analysis was the first to
highlight how the stability conditions act as a strong prior on the constraints
of cosmological parameters. In the top left panel of Figure 6 one can notice for
instance that a stable linear EFT model implies ΩEFT0 > 0. Once the effective
equation of state parameter becomes smaller than −1, the likelihood contours
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produced by a statistical analysis would therefore be significantly tightened.
This result independently confirms the shrinking theory space effect in the
super accelerating regime discussed previously [85].
Another specific model with a running Planck mass is f(R)-theory. In
this case, one can study the impact of stability conditions on the parameters
of the model using a designer approach [154]. The resulting family of models
are parametrized by the present value of the Compton wavelength of the
scalaron, fR = df/dR, [177], defined as [178]
B =
fRR
1 + fR
HR˙
H˙
. (68)
As shown in the top right panel of Figure 6, the stability conditions which
include the no-ghost, no-gradient and a positive mass (m2 = fRR > 0) induce
a stringent cut of the parameters space [73]. One can note that as opposed
to the linear EFT model, the designer f(R) model does not allow stable
regions beyond wDE < −1 as expected theoretically, because this amounts to
a minimally coupled scalar field for which violating the null energy condition
can only be at the expense of it being a ghost. These viable parameter
spaces have been used to put stringent constraints on the parameters of both
linear EFT model and f(R)-theory showing in some cases to have a higher
constraining power than that of data [73]. We will further discuss this point
in Section 4.
The selection of the viable parameter space induced by the stability condi-
tions has non trivial implications for EFT predictions. We already discussed
in Section 3.2 the µ − Σ conjecture [160] and its implications [173, 136].
Other general behaviors can be identified using a Monte-Carlo approach to
generate a vast sample of healthy pure Horndeski models and explore the
phenomenology of µ, η, Σ and fσ8 across z. fσ8 is the so-called growth
function, i.e. the product of σ8 and the linear growth rate of matter density
perturbations f (see eq. (70)). For instance, definite features can be found
for models exhibiting sub-luminal propagation of scalar and tensor perturba-
tions and DE contributes only at low redshifts [163]. As shown in Figure 7,
the effective gravitational coupling displays a characteristic S − shape pat-
tern, a regular alternating succession of epochs where gravity is stronger and
weaker than predicted by GR [163]. This behavior significantly affects the
growth function fσ8. The amplitude of this observable is generically sup-
pressed, compared to the value expected in ΛCDM models, at intermediate
redshifts (0.5 . z . 1), the opposite being true at all other cosmic epochs,
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Figure 7: Figures in Ref. [163]. Predictions of µ, η (µ∞, η∞ in this review) as function of
the reduced background matter density x = Ωm and fσ8 versus z for viable pure Horndeski
(H45) and Generalised Brans-Dicke (BD) models obtained using a Monte-Carlo approach.
The shades of blue define the density of curves and the red line correspond to ΛCDM.
when a phenomenon of super growth is highlighted. The gravitational slip
parameter η is, instead, predicted to be bounded from above. Notably, for
GBD theories, the gravitational slip parameter is at most unity and a larger
deviation from GR is found only at intermediate redshifts for the Horndeski
case.
Historically only the no-ghost and no-gradient conditions are employed
when exploring the stability of a gravity theory in literature. As discussed
in Section 2.5, such requirements are high-k dependent statements thus they
cannot guarantee stability on the whole range of cosmic scales. In EB codes,
to prevent exponentially growing modes at low-k, ad-hoc mathematical con-
ditions are implemented to complete the set of physical conditions. In the
EFT formulation, these additional requirements are worked out at the level
of the perturbation equation for the scalar field pi [72, 86]. The stability
module of EFTCAMB includes the tachyon conditions as a function of the mass
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eigenvalues µi, i.e. the mass condition [179]. The evaluation of the impacts
of switching on this additional condition reveals the mass condition to be
very efficient for substituting the mathematical condition in practically all
cases of cosmological interest [179]. We display the results obtained thanks
to the Monte-Carlo generation of healthy pure Horndeski and GBD models
in the µ−Σ plane at z ≈ 0.1 in Figure 8 12. One can notably observe that as
opposed to the general case of pure Horndeski, the action of the mass condi-
tion becomes very peculiar in the pure GBD case and cuts out models from
the Σ , µ > 1 region at z ≈ 0.1. The tail of models that instead are present
when only the no-ghost, gradient and mathematical stability were active are
thus singled out. This cut translates directly in a lower bound of the effective
Planck mass which has to be positive at all redshifts. From these investi-
gations, the mass requirements together with the no-ghost and no-gradient
conditions prove a reliable and complete set of robust and physically moti-
vated theoretical priors that guarantees the soundness of the theories on all
linear scales.
A common thread linking a lot of the analyses presented throughout this
review is the processing of the background expansion rate as a fixed prior
when studying the effects of MG theories in the perturbed sector. As antic-
ipated in Section 2.2, a complementary approach can be investigated. Using
the free background approach, where H(t) is computed from the time evolv-
ing wDE expressed in terms of the background EFT functions Λ and c, reveals
that universal behaviors could also be found on quantities characterizing the
background expansion [106]. The Monte-Carlo procedure employed shows
that the stability conditions favor the emergence of a tracking behavior in
the scaling of wDE of Horndeski models with the value of this function be-
coming close to zero deep in matter domination while approaching the value
wDE = −1 at present time (see Figure 6). This renders the possibility to
map this evolution onto the Chevallier-Polarski-Linder (CPL) parameteriza-
tion [180, 181], i.e. wDE = w0 + wa(1 − a) where w0 and wa are constants.
The same exploration technique for quintessence models reveals a tracker
behavior with however wDE < −1 excluded by stability, as expected theoret-
ically. The definite features of the background evolution are translated into
a theoretical prior covariance matrix for wDE, correlating its values at differ-
12Note that in this investigation the effective Planck mass today was not normalized to
M2pl.
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Figure 8: Figures 3 and 4 in Ref. [179]. Marginalized 2D and 1D distributions of µ and Σ
at z = 0.1 for GBD (top doublet) and Horndeski models (bottom doublet) generated in a
Monte-Carlo fashion for several combinations of the stability conditions.
ent redshifts to simplify the reconstructions of wDE from future data. This
has been recently used also for the reconstruction of wDE through Gaussian
process in quintessence and Horndeski theories [182].
Stability conditions are usually used on top of a chosen parameterization
for the EFT functions. However it is possible to construct a stable EFT
basis which evades ghost and gradient instabilities or accommodates further
theoretical priors such as a luminal or sub-luminal scalar propagation speed
[183, 184, 185]. Such basis instead of using the usual EFT functions (or
α-basis) employs directly the stability functions α,M2, c2s with a boundary
condition αB0 = const.. An advantage of this basis is that it avoids ΛCDM
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to be confined to a narrow corner of the stability space. This corner would
be difficult to sample and could lead to false evidence against the ΛCDM
model. The enforcement of theoretical stability conditions when perform-
ing cosmological constraints is definitively an advantage as they ensure the
resulting observational bounds lay in a physical parameter space. This is
now common practice and most of the available codes have built-in modules
which automatically check for the stability of the considered model. A fur-
ther benefit in using the stable EFT basis would be secured when running
MCMC algorithms: Markov chain would no longer randomly explore unsta-
ble regions of the parameter space making the whole process much faster.
We note however that the stable EFT basis does not include the tachyonic
condition discussed in Section 2.5, thus the stability of the underlying theory
of gravity might not be guaranteed at all scales.
3.4. Linear growth rate of matter density fluctuations
The EFT formulation contributed to understand how linear structures
are likely to grow in scalar-tensor theories of gravity and what theoretical
patterns a viable theory should have to better accommodate cosmological
observations. RSD, GC and WL independent measurements all consistently
detected a lower growth rate of matter density perturbations than predicted
by the ΛCDM model. This is at variance with results extrapolated from CMB
studies [14, 13, 15, 16, 186, 187, 17]. Scalar-tensor theories are not expected
to produce lower growth relative to ΛCDM because of the fifth force they
exhibit. The EFT has contributed to showing that this is not necessarily the
case [85, 188, 163].
The effective gravitational coupling modifying the Poisson equation (52)
alters the growth of matter perturbations δm as follows
13
δ¨m + 2Hδ˙m − 4piGNµρmδm = 0 . (69)
The linear growth rate f is then defined by [189]
f =
d ln δm
d ln a
. (70)
13Let us note that in GLPV models, an additional modification proportional to αH is
present in the friction term in eq. (69). This is due to the fact that terms involving matter
velocity cannot be neglected on sub-horizon scales, see for instance [145].
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Figure 9: Figure 3 in Ref. [85]. Stable regions of a pure Horndeski model in the γ0 − γ1
plane. The dotted line corresponds to the boundary between stronger and weaker gravity
predictions with respect to ΛCDM. The 68%, 95% and 99% likelihood contours correspond
to the constraints for a Euclid-like survey.
In the case of Horndeski models, using the sub-Compton limit one can de-
duce from eq. (61) that in order to have lower growth the condition µ∞ < 1
has to be satisfied. One necessary condition is to require µsc < 1 which
originates only from the tensor part, in particular it depends on the ratio
between c2t/M
2, i.e. the tensor speed and the effective Planck mass (M2)
[188]. However, the µsc < 1 condition is not sufficient to guarantee a weaker
gravity because of the interaction between the scalar field and matter which
always enhances µ∞, i.e. the fifth force. Numerically the growth of structure
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in Horndeski models was investigated using a large samples of Monte-Carlo
simulated healthy Horndeski models and sub-classes with sub-luminal prop-
agation of scalar and tensor perturbations [163]. The results are displayed in
Figure 7 where it is clear that the majority of models satisfy M2 > M2pl and
c2t < 1, hence producing lower growth relative to ΛCDM at low redshifts.
At higher redshifts instead it is possible to note a period of super-growth
with a linear growth rate larger than that predicted in the standard model.
GLPV theories are even more flexible in describing the time dependence of
the linear growth rate because αH provides extra freedom on top of M
2 and
ct to modulate the stronger/weaker gravity pattern [188]. In particular, for
GLPV it is possible to obtain a suppression in the matter power spectrum
with respect to ΛCDM [145, 82].
In the standard model of cosmology, the linear growth rate can be effi-
ciently parametrized as f = Ωm(a)
γ(a) [189] where the parameter γ(a) is the
so-called growth index [190]. MG models can predict a slight deviation from
ΛCDM parameterization yet detectable. For example, [191] showed that the
growth rate of a large class of MG models can be accurately described by
f = Ωm(a)
γ0+γ1 ln(Ωm(a)) , (71)
where γ0 and γ1 are parameters which depend, in a predictable way, on the
adopted gravitational theory. The EFT basis can be directly mapped onto
the γ0 − γ1 parameterization [85]. Thus once a specific parameterization
of the EFT functions is chosen and a background is fixed one can obtain
constraints on γi parameters. This phenomenological approach allows to
gain further insights on the mechanisms that tend to suppress the growth
of structures on large scales. Assuming a ΛCDM background evolution and
no-ghost and no-gradient conditions, the space of theories leading to weaker
gravity in the γ0 − γ1 plane is found to be much larger than that of stronger
gravity [85] (see Figure 9). In other words, statistically, Horndeski theories
are more likely to produce models which exhibit weaker gravity, in the local
Universe, as compared to ΛCDM. In particular, once the cosmic expansion
rate is fixed to mimic ΛCDM, no viable theory can show a value for γ0 which
is larger than that of standard scenario [85]. Figure 9 displays also forecast
for a Euclid like survey in this approach.
The tendency of viable Horndeski theories to produce lower growth rela-
tive to ΛCDM is not necessarily limited to late-time DE (LDE) models but
it is also present in scenarios where DE contributes throughout matter dom-
ination [173]. The former are models for which the GR limit at early times
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Figure 10: Figures from [173]. Monte-Carlo samples of viable pure Horndeski models in
the fσ8/(fσ8)ΛCDM − 1 - Σ∞ plane. The top panels corresponds to LDE models, middle
panels to EDE and bottom panels to EMG models. For each row, the redshift spans from
left to right as z = {0, 0.5, 1, 2}. The blue gradient scale gives a measure of the density
of models.
is recovered, the latter are distinguished between early DE (EDE) models,
i.e. models with the effective Planck mass contributing to the total energy
moment tensor even at early time, and early MG (EMG) models, i.e. models
where on top of the previous the EFT function do not vanish at early times.
These scenarios are constructed using different asymptotic behaviors of the
EFT functions. The fσ8 - Σ∞ plane proves to be instrumental in discrim-
inating between the aforementioned behaviors embedded within Horndeski
theories and their capability to generate a lower growth. The diagnostic
reveals that LDE models are strongly disfavored if fσ8 < (fσ8)ΛCDM at
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z & 1.5; EDE models if fσ8 > (fσ8)ΛCDM at z & 1.5 or, simultaneously,
fσ8 < (fσ8)ΛCDM and Σ∞ > 1 at z & 1.5. The only possibility to dis-
play a large enhancement of growth is to use the EMG model. The redshift
evolution of these models in the fσ8 - Σ∞ plane is displayed in Figure 10.
Within the class of Horndeski theories, a specific phenomenological model
known as the No Slip Gravity model [192] produces lower growth than ΛCDM
at low redshifts as shown in Figure 11 (left panel). The model is character-
ized by a gravitational slip parameter equal to unity, an unmodified speed
of propagation for tensor modes and by the relation αB = −2αM . As con-
sequence the effective gravitational coupling µ is lower than GR in the past
inducing a lower growth of structure.
On the other hand, suppose future observational data do not allow: i)
lower growth of structure relative to the standard model; ii) a gravitational
slip different from unity; iii) changes in the damping (αM 6= 0) and speed
(αT 6= 0) of GWs. This does not induce all alternative scenarios to GR to be
ruled out. Indeed, modifications of gravity due to a non-vanishing braiding
function are still possible. An example of such a model is the No Run Gravity
model characterized only by the αK and αB functions [193]. Consequently,
the deviation in the effective gravitational coupling depends only on the
braiding term. In particular, stability conditions allow only positive values
of αB and the model therefore always predicts an enhancement in the growth
of structures relative to ΛCDM as depicted in Figure 11 (right panel) [193].
3.5. Imprints on cosmological power spectra
Non-standard gravitational scenarios are best inspected by analyzing the
shape of large scale observables, such as the matter density power spec-
trum, the CMB angular power spectrum, the lensing spectrum, lensing B-
mode contribution and the bi-spectrum. They can for instance change the
lensing potential (Φ + Ψ) when additional perturbative terms are included
[194], change the growth of structure modifying the Poisson equation and
affect the shape of the temperature-temperature CMB power spectrum at
low multipole-` through the integrated Sachs-Wolfe (ISW) effect sourced by
Φ˙ + Ψ˙ [195, 196], shift its high-` peaks due to a modified expansion history
[197] and change the ratio between odd and even peaks in models where DE
is coupled to dark matter [198].
The EFT approach allows thus to investigate the phenomenology of these
effects at linear scales for large class of models [199, 61, 112, 200, 74, 82, 63,
201, 202, 135, 203, 145, 204, 76]. In this case the connection with a specific
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Figure 11: Left panel : Figure 4 in Ref. [192]. Predictions of the No Slip Gravity model in
the fσ8 −H/H0 plane. Two parameterizations are used to characterize the model: either
the running of the Planck mass is parametrized (red) or the effective Planck mass (blue).
They are modeled with the e-fold form (see eq. (B.7)). Right panel : Figure 5 in Ref. [193].
Predictions of the No Run Gravity model with Ωm = 0.3 displayed against the standard
model.
operator in the action (5) or a physical effect enclosed in the α-basis can be
easily identified by switching on/off single EFT functions per time. In the
following we report on some of them. We note that the results in literature
might depend on the chosen parameterization. Values of the effective Planck
mass larger than M2pl are shown to suppress the lensing power spectrum
with respect to the standard scenario and to modulate the shape of the
TT power spectrum at low multipoles l . 30 giving rise to an enhanced
ISW tail [112]. The deviations in the speed of propagation of GWs (αT )
are responsible for changing the location of the inflationary peak of the BB
spectrum [199]. The kineticity coupling, αK , has been found to modulate
the low-` CMB TT power spectrum due to the late-time ISW effect, however
this effect is unmeasurable being dominated by the cosmic variance [135]. A
non-vanishing positive braiding term, αB, leads to both an enhanced lensing
auto-correlation function and matter power spectrum and, depending on its
magnitude, it can generate either a suppressed ISW tail or an enhanced one
[76]. The GLPV function, αH , is responsible for the damping of the matter
power spectrum. Increasing positive values of αH enhances the CMB TT
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Figure 12: Left panel: Figure 6 in Ref. [145]. The effects of different values of αˆH (the free
constant parametrizing αH in the linear-de form (B.2)) on the relative difference of the
angular TT-power spectrum with respect to the standard model. Right panel : Figure 3 in
Ref. [201]. The effects of the No Slip Gravity model on the CMB B-mode power spectrum
for different values of cM (the free constant parametrizing αM in the e-fold form (B.7)).
The dotted lines represent the contribution from the tensor modes only.
power spectrum at low-` [145, 204, 82] as it can be noticed in Figure 12 (left
panel). On the same line the lensing potential decreases as a function of αH
[145, 82]. For the particular case of the No Slip Gravity model, the running
of the Planck mass, αM , is shown to mildly affect B-mode reionization and
recombination bumps on low multipoles l . 10, while at l & 100 its impacts
on the lensing B-mode polarization are more significant (of order four times
the maximum value of αM) [201], see Figure 12 (right panel).
Given the ever-increasing precision and scales probed by surveys, inte-
grated effects on ultra-large scales such as ISW, Doppler, Shapiro time-delay,
etc, might soon enter the observational window. It is thus interesting to ex-
plore their effective potentiality in probing departures from standard gravity.
Such effects have been scrutinized within the EFT formulation for Horndeski
and GLPV models [200, 204]. For instance, the amplitude of the ISW sig-
nal when forecasted for Horndeski theories may deviate by up to O(1000%)
from standard GR expectations, while the same models only induce O(10%)
modifications of the amplitude of local observable such as fσ8 [200]. In par-
allel, taking into consideration the lensing convergence or the Shapiro time
delay leads to additional contributions highlighting different sensitivities to
the EFT functions as displayed for the galaxy number count angular power
spectrum in Figure 13 (top panel) [200]. The ISW contribution remains the
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Figure 13: Top panel: Figure 3 in Ref. [200]. The effects of the EFT functions on several
relativistic contributions to the autocorrelation of the galaxy number count angular power
spectrum at z = 0.3. cM , cT , cB are the constants parametrizing respectively αM , αT , αB in
the linear-de form (B.2). Bottom panel: From Figure 6 in Ref. [204]. Redshift evolution of
the ultra-large scale relativistic effects for a given GLPV model, αM = 0.03, αH = 0.085
and αK = 0, on the relative difference of the angular power spectrum with respect to
ΛCDM (hat). The panels correspond to z = 0.1 (top left), z = 0.5 (top right), z = 1
(bottom left) and z = 3 (bottom right).
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most sensitive probe to MG effects, yet including other integrated effects can
therefore improve the total sensitivity of cosmological spectra to measure any
gravity departures from GR. Note that the contribution of each ultra-large
scale relativistic effects changes across redshift. For instance, the Doppler
effect is shown in Figure 13 (bottom panel) to be significant at all epochs in
GLPV theories while the ISW, the time-delay and velocity potential effects
become significant for z & 3 [204].
4. Cosmological constraints
In this Section, we review the cosmological constraints on DE/MG models
obtained using the EFT approach. The key characteristic of these analyses
is the use of MCMC procedures or Fisher forecasts to constrain gravity at
large scales combined often with the theoretical priors exposed in the previous
Section. We distinguish between models described by a pure approach and
specific gravity models implemented in EB codes using the mapping approach
(see definitions in Section 2.8). We include in Appendix B the list of the pure
EFT parameterizations used in this Section and tables summarizing their
observational constraints in Appendix C.
4.1. Running Planck mass
Modifications of gravity induced by a running Planck mass have several
distinct effects on observables. In the scalar sector, a Planck mass varying
across time has been shown to impact, for instance, the background evolution,
the growth of matter perturbations, lensing potential and the ISW tail of the
CMB power spectrum. In the tensor sector, it alters the friction term in the
GW equation (eq. (74)) affecting the amplitude of the primordial polarization
peak in B-modes. We reviewed these features in Section 3. In the EFT
formalism, the running of the Planck mass is encoded by αM in the α-basis
and a linear combination of the derivatives of f(t) and M¯23 (t) in the EFT
basis (see Section 2.6 for details).
Generally, it is not possible to consider only αM and set all other EFT
functions to zero. This choice would give a vanishing kinetic term (see eq.
(60)) leading to ghost instabilities and strong coupling problems. One way
to proceed is to tweak the function αK and fix it to a positive value to
prevent the appearance of any pathological behavior. Note that in such a
configuration any noticeable effects on cosmological observables are only due
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Figure 14: Figure 7 in Ref. [207]. Constraints obtained on the No Slip Gravity model with
αM parametrized with the hill form (eq. (B.8)) on a CPL background. The parameters
controlling the time and sharpness of the hill form are fixed to at = 0.5 and τ = 1.
to αM because αK has no detectable impact [205, 206, 135]. We comment
further about this aspect in Section 4.2.
One choice for the form of αM often adopted is to model it as proportional
to the DE density parameter, i.e αM = αM,0ΩDE(a), where αM,0 is a constant
(eq. (B.2)). Using this model with a ΛCDM background, the combination of
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Planck CMB data and the H0 prior from Riess et al. [7] is found to favor a
positive αM at ∼ 2σ, however, such preference is weakened when geometrical
probes are included [75].
The effects of a running Planck mass have been further investigated when
a specific link with the braiding function αB is retained. In particular, the
relation αM = −αB is typical of conformally coupled models such as f(R)-
gravity, Brans-Dicke and chameleon theories. Investigations of this class of
models has been performed by the Planck collaboration in 2015 [208]. There,
αM is modeled as a power law in the scale factor with amplitude αM,0 and
scaling β with a ΛCDM background. The combination of datasets involving
CMB, WL, BAO, RSD measurements leads to stringent constraints on the
amplitude of the running Planck mass, αM,0 < 0.097 (95%C.L.), while the
statistical power to constrain its scaling is much weaker, 0.92+0.53−0.25 (95%C.L.).
For this model, WL data prefer higher values of the expansion rate than CMB
ones and because of that WL data lead to weaker constraints [208]. Using
the latest Planck data (2018), the results favor αM,0 to be negative when
only the CMB data are employed, while the inclusion of WL, BAO, RSD
measurements give the bounds αM,0 = −0.015+0.019−0.017 at 68%C.L. (with CMB
lensing) [1].
Following on the constraints where a relation between αM and αB is
imposed, No Slip Gravity models are representatives with αB = −2αM [192].
For this class of models, stability conditions require αM ≥ 0. Using the e-
fold form eq. (B.7) to parameterize alternatively αM or M
2 and a ΛCDM
background, Planck 2015 data favor values of the running Planck mass much
lower than what found with LSS data [192, 201]. This is justified by αM > 0
which induces a higher CMB lensing power and the loss of power on large
scale in the matter power spectrum. A time dependent DE equation of state
allows to explore larger portions of the parameter space. In this case, for
example, the running Planck mass can even assume negative values [207].
CMB, BAO, SNIa and RSD datasets constrain indeed αM to be negative as
shown in Figure 14. Remarkably a negative running of the Planck mass at
z & 1 does not prevent the model to produce lower growth relative to the
standard model nor a positive ISW-galaxy cross-correlation [207].
The EFT basis (action (5)) offers a natural environment for constraining
the running of the Planck mass as well. For example using the linear EFT
model eq. (67), the cosmological constraints shown in Figure 15 yield the
bound ΩEFT0 < 0.061 at 95% C.L. for a ΛCDM background and Ω
EFT
0 < 0.058
for a wCDM background [73], in agreement with what is found later by the
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Planck collaboration (2015) [208]. The linear EFT model has also been
explored to gauge whether this proposal could reconcile the tension between
Planck CMB estimation of the lensing amplitude parameter AL and the result
from the lensing reconstruction [209]. Simulations of CMB anisotropy and
CMB lensing spectra, assuming Planck 2015’s best-fit values and Planck blue
book on beam and noise specifications, show that models with an effective
Newton constant stronger than GN can have a modulating effect similar to
that of AL [210]. Nevertheless, this induces higher values of σ8,0 making the
tension with WL surveys more severe [13, 15, 14, 16, 186, 187]. The AL
tension remains an open issue as confirmed by the latest Planck 2018 results
[1].
4.2. Pure Horndeski and GLPV models
The pure Horndeski and GLPV models are characterized in the EFT lan-
guage by a selected set of free functions of time beyond H(t). For pure Horn-
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deski models they are {f, m¯31,M42 , M¯22} in the EFT basis and {αM , αK , αB, αT}
in the α-basis. An additional function is required to select pure GLPV mod-
els, i.e µ21 or αH depending on the basis. In this description, instead of
choosing the functional form of the Gi or Fi functions respectively in the
Horndeski Lagrangians [211] and GLPV ones [37], one can fix the form of
each EFT function and describe the linear part of the theory. These sets of
functions allow to explore and constrain the primary features of Horndeski
and GLPV theories in a pure EFT fashion. It is noteworthy to say that
choosing an appropriate model for the EFT functions is a challenging task.
Sometimes the chosen forms of the EFT functions result in simplified behav-
iors of relevant physical quantities, such as µ(t, k) or Σ(t, k), if compared to
the complex behavior they have when the mapping approach is considered
[212, 213]. The consequence is that one might underestimate the modifica-
tion of the gravity force or even miss its signatures. In this regard one has to
be careful in generalizing the results obtained in the EFT framework recall-
ing that they might be strictly related to the chosen parameterization. On
the other hand, it is worth to note that relevant results have been obtained
and common trends have been identified using this approach with different
parameterizations. We review them in the following.
The first observational constraints of pure Horndeski models have been
derived in the α-basis, where each α-function is parametrized using the linear-
de form (eq. (B.2)). The constraints on the αi parameters using cosmological
datasets, such as CMB, BAO, RSD and the power spectrum of galaxies from
the WiggleZ survey, are shown in Figure 16 [205]. Notably, the data favor
models with the effective Planck mass M2 larger than the Planck mass and
stability conditions induces a hard prior on the initial value of the effective
Planck mass, i.e. M2ini ≥ M2pl. The constraints display a neat preference for
a positive value for the braiding, negative for the running Planck mass and a
sub-luminal propagation of tensor modes. This parameterization was further
investigated in light of KiDS+GAMA data considering luminal propagation
of tensor modes [214]. While the constraints on cosmological parameters are
compatible with ΛCDM, a preference for positive values of αM and αB is
found. Furthermore, the clustering quantity S8 = σ8
√
Ωm/0.3 is highlighted
to be better in agreement with the Planck estimate when considering Horn-
deski theories than ΛCDM. Just as considering stability or sub-luminal priors
improves observational constraints significantly, so does the consideration of
“positivity bounds” [215]. The latter arise from requiring basic principles
such as a unitary, causal, local UV completion [216, 217, 218, 219]. Such
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Figure 16: Figure 3 in Ref. [205]. Constraints on a pure Horndeski model in the α-basis
where each function is parametrized with the linear-de form (eq. (B.2)) on a ΛCDM
background.
positivity bounds when applied to Horndeski theory imply indeed some con-
straints on the Gi functions which can be rewritten in terms of EFT functions
[215]. The inclusion of these additional bounds as theoretical priors when per-
forming parameter estimation analysis, led to a reduction of over 60% of the
allowed parameter space for the sub-classes Horndeski models parametrized
with the linear-de form (eq. (B.2)). The additional constraint of sub-luminal
propagation of GWs in the same models narrowed down further the viable
parameter space to less than a 1%.
A parameterization of the EFT basis also in terms of linear-de form (eq.
(B.2)) has been considered with a ΛCDM background. For this model [112],
the constraining power of viability priors with CMB data are put in per-
spective. Setting the kineticity to zero so as to be in the most restrictive
setup in terms of stability, the posterior distributions of the EFT parameters
are understood to be mostly driven by the stability priors (see Figure 2 in
Ref. [112]). On top of this, asking for sub-luminal propagation of scalar and
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tensor perturbations reduces drastically the marginalized contours of the pa-
rameters (see Figure 17 top panels). Despite the different parameterization
with respect to the model previously discussed [205, 214], the tendency of the
data to favor a lower effective Planck mass and a lower propagation speed for
tensor modes is recovered. Furthermore, with the aim to be more general,
one can be led to increase by one the number of free parameters characteriz-
ing each EFT function. This is done expanding in powers of Ωm − Ωm,0 for
instance and retaining up to two free parameter per EFT function following
the de-1 parameterization (eq. (B.3)). This has the consequence of loosen-
ing the posterior constraints as depicted in Figure 17 (middle and bottom
panels). From this figure it is also clear that the sub-luminal propagation of
perturbations can impact the data constraints and even limit the loosening
of the constraints when more free parameters are considered.
Constraining pure Horndeski models with a large set of cosmological
probes tends to show that CMB data is only next to RSD data in terms
of constraining power [206, 220]. Within CMB data itself, the constraints on
the EFT functions are mostly driven by the ISW effect while the inclusion
of RSD has the important effect of breaking degeneracies between αM and
αB (when αT = 0) [220]. This result is illustrated in Figure 18 [220] where
the constraints are obtained using the scaling-a parameterization (eq.(B.5))
of the α-functions. Assuming luminal propagation of tensor modes, RSD
data sets tight bounds on the evolution of the running of the Planck mass
disfavoring large positive values. Interestingly, the integrated components of
the CMB probe tend to provide more sensitivity to the scaling of the EFT
functions while combining with RSD data ameliorates the stringent bounds
on their present value. When αT 6= 0, data prefer sub-luminal values for the
speed of GWs and a larger viability region for the running Planck mass is
possible. The intricate link between αM and αB can be further constrained
when considering the radiative stability of Horndeski theories [221].
Focusing further on RSD constraints on MG, the recent release of mea-
surements of f and σ8 separated thanks to galaxy-galaxy lensing by VIPERS
[222] and SDSS [223] give constraints on pure Horndeski models as competi-
tive as the full set of fσ8 data [174]. The models investigated display c
2
t = 1
and are modeled using the de-1 form (eq. (B.3)) with a background expan-
sion set to ΛCDM. The combination of this new set of data with the full
fσ8 recollection yields a gain on the precision of the constraints on the EFT
parameters of at least 20% with respect to the fσ8 set alone. In parallel,
a stringent bound from Solar System tests on the evolution of the Newton
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constant, |G˙N/GN| < 0.002 H0, is shown to translate into a prior on the
unscreenable contribution to gravity, µsc, or equivalently the running Planck
mass, which in turns increases the constraining power of f and σ8. In paral-
lel, this prior stands as drastic cut on the weaker gravity the effective Planck
mass can induce. Nevertheless, pure Horndeski theories are still able to pro-
duce lower growth relative to ΛCDM with σ8,0 found to be lower than the
Planck ΛCDM cosmology at more than 2σ.
Regardless of the parameterization chosen, the kineticity αK or equiva-
lently γ1 (see Appendix B) has been shown to have a weak impact on ob-
servables. This coupling is thus mostly unconstrained even though it bears a
fundamental role for the viability of the model considered [205, 206, 135, 174].
The kineticity does not affect the constraints on the other parameters even
when considering a large combination of data sets as displayed in Figure 16
[205]. The difficulty in constraining the kineticity coupling has been further
65
investigated [206, 135]. It has been shown in particular that it cannot be
constrained by data directly because its contribution to observables is below
the cosmic variance [135]. In principle, a way to overcome the cosmic vari-
ance limitation could be to use sophisticated multi-tracer techniques [224].
Despite this feature, the kineticity coupling has a significant role in defining
the stable parameter space as it enters in the definition of the no-ghost con-
dition for the scalar sector and thus regulates the speed of propagation of
scalar modes. As consequence, it changes the viable parameter space used
in the MCMC explorations and it cannot be simply discarded [206, 135].
Furthermore, bounds on αK or γ1 can be obtained using on top of stability
conditions the prior on GN, f , σ8 and fσ8 data sets [174]. These significantly
restrict the space of viable models which in turn put indirect constraints on
αK or γ1.
Moving beyond the Horndeski landscape, constraints on pure GLPV mod-
els with c2t = 1 are derived using the linear-de form (eq. (B.2)) with both
ΛCDM and CPL backgrounds [145]. A combination of CMB, BAO and RSD
datasets shows that the GLPV parameter αH is degenerate with the braid-
ing parameter αB and the running Planck mass αM but not with either the
cosmological parameters nor the CPL ones. The marginalized distributions
of αˆH (the constant parameter of αH) excludes the GR limit (αˆH = 0) in
most of the cases analyzed, the data constrain αˆH to be of O(1) and favoring
generally positive values. However, no statistically significant preference of
this pure GLPV model over ΛCDM is found.
The previous constraints are de facto parameterization dependent. Inter-
estingly, it is possible to minimize such dependence by exploiting data-driven
reconstruction techniques. In these approaches indeed the number of param-
eters increases largely, but the constraining power of data can be explored
more faithfully. Such an approach is used to constrain Horndeski models and
sub-classes (GBD, Quintessence, K-essence and Kinetic Gravity Braiding) by
making use of the EFT formulation [225]. The EFT functions are modeled
on a fixed time grid and interpolated thanks to piece-wise fifth order spline.
The information from the specific theories are encoded thanks to a Gaussian
smoothing kernel defined by the CPZ correlation [226]. Doing so, the EFT
functions identifying the models are reconstructed across cosmic times using
cosmological data and could thus be used to derive specific model properties.
This data-driven approach notably highlights that the constraining power
of present cosmological probes such as CMB, WL, BAO, SNIa and local
measurements of H0, is not only high for Horndeski but is enhanced as the
66
complexity of the theory considered increases. In other words, the more EFT
functions are considered, the more freedom is allowed, the more the data can
express their constraining efficiency. In parallel, the analysis also shows that
Horndeski theories might alleviate the tension in H0 at low redshifts while
the sub-classes do not.
4.3. Forecasts with next generation surveys
Next generation surveys will probe the Universe at extended and comple-
mentary redshifts and scales delivering highly accurate data and offering an
unprecedented insight into gravity on cosmological scales. Exploiting their
potentiality and investigating the improvement in constraining cosmologi-
cal parameters is one of the main goals of current investigations. Since the
EFT framework does not rely on a specific model but allows to make general
prediction on large classes of models, it provides a powerful benchmark for
forecasting the cosmological signals to which the future missions will give
access to. In the following, we review the cosmological forecasts analyses
performed using the pure EFT approach [228, 146, 229, 70, 227, 230, 135].
Also in this case, the class of models that has been largely explored belongs
to the pure Horndeski models.
The future Stage IV photometric redshift surveys LSST, the radio galaxy
survey SKA and CMB-S4 experiments have been used to obtain forecasts for
the Horndeski models in the α-basis parametrized as follows [146]
αi(t, k) = α
0
i
ΩDE(t)
ΩDE,0
e
− 1
2
(
k
kV
)2
, (72)
where ΩDE(t) is chosen to follow wCDM and α
0
i are constant. This modeling
includes a phenomenological assumption for screening on small scales. The
scale of the Vainshtein screening mechanism kV , above which GR is recov-
ered, has been set to be 0.1 h/Mpc according to numerical simulations [231].
Including screening effects helps, for instance, not to overestimate the surveys
capacity to test gravity on such scales. The results of the analysis display
an improvement in the constraints by a factor of 5 with respect to previous
results based on present day surveys [205]. In particular, in Figure 19 (top
panel) one can observe the effects of BAO and RSD data by an independent
DESI-like experiment on top of CMB-S4, LSST and SKA measurements on
the parameter constraints. Tighter constraints are obtained by setting ct = 1
[227] as shown in Figure 19 (bottom panel). Such constraints exclude varia-
tions of the effective Newtonian constant larger than 10% over the age of the
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Figure 19: Top panel : Figure 1 in Ref. [146]. The cosmological constraints on pure Horn-
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Universe [227]. However, the contours obtained from the MCMC analysis are
larger than those obtained from a Fisher analysis. This points to the danger
of using Fisher forecasts for non-Gaussian likelihoods in forecast investiga-
tions. Finally, the model is investigated using two cosmic shear methods
[230]: the tomographic method, where the correlations between the lensing
signal in different redshifts bins allow to keep track of the redshift infor-
mation, and the 3D approach, where all the redshift information is carried
throughout the analysis. For an Euclide-like experiment, the 3D analysis
is shown to constrain the model better than the tomographic approach by
about 20% thanks to the increased redshift information (see Figure 20). The
size of the constraints on Ωm, the sum of neutrino mass and EFT functions is
further improved by including non-linear corrections in the power spectrum
as displayed in Figure 20 (bottom panel).
The synergy between future CMB-S4 and DESI has been explored on
both the EFTCAMB and α-basis for the Horndeski class of models [70]. Two
parameterizations of the EFT functions are considered: constant and a time
varying behavior with a smooth transition between early and late time val-
ues (see eq. (B.10)). When modeling the α-functions as constants, CMB-S4
surveys are found to provide the tightest bounds on the effective mass Planck
and tensor speed excess respectively by a factor 1.5 with respect to DESI and
2.5 with respect to Planck, while DESI and Planck show the same sensitivity.
On the contrary, the Planck measurements are slightly stronger than CMB-
S4 on the constant αB. When considering the time varying parameterization,
CMB-S4 measurements are sensitive to both early and late time values while
the former are, as expected, more efficiently constrained by the CMB surveys
than LSS ones. In the EFTCAMB basis and for the constant parameterization,
Ref. [70] finds that the sensitivity of CMB probes are unmatched when con-
straining the parameter ΩEFT0 . Additionally, CMB-S4 measurements better
constrain γ
(2)EFT
0 and γ
(3)EFT
0 . For the time varying parameterization, late
time values of the γi parameters do not change as compared to the constant
case, while the forecast bounds on ΩEFT0 slightly degrades. At early time, the
constraints are mostly constrained by physical viability requirements.
Different time behaviors for the EFT functions {Ω, γ1, γ2} of the EFTCAMB
basis have been explored further by considering also the constraints on GWs
which suggest γ3 = 0 [135]. The remaining three EFT functions are mod-
eled firstly with the scaling-a parameterization and then with the de-density
form (respectively eq. (B.5) and eq. (B.6)) both on a CPL background.
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Figure 20: Figure 6 and 8 in Ref. [230]. 68% C.L. of Fisher forecasts from a Euclid-
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A constraint analysis is performed using present day observational data
(Planck+BOSS DR12+H0+JLA+KiDS) and forecasts from combinations of
GC and WL for a prototype of next generation galaxy surveys with specifi-
cations like DESI and SKA2. These future surveys will be able to increase
the precision on constraints of model parameters by one order of magnitude
in both the parameterizations [135].
We conclude the section discussing the constraints on modifications of
gravity when a direct coupling between DE and DM is present. In Ref.
[228], the linear-de form (eq. (B.2)) of the α-functions is considered on
top of a wCDM expansion history. The dark matter coupling function is
parametrized as follows:
γc(t) =
βγ
2
√
2
cs(t)
√
α(t) , (73)
where βγ is a constant and cs(t) and α(t) correspond to the DE speed of
propagation and kinetic coupling. The forecasts analysis is performed using
the specifications of an Euclid-like survey for which three probes are consid-
ered: the galaxy power spectrum in redshift space, tomographic weak-lensing
shear power spectrum and the correlation spectrum between the ISW effect
and the galaxy distribution. This is done selecting three fiducial models:
ΛCDM, a braiding and an interacting model. We display the results for the
ΛCDM fiducial in Figure 21 where one can observe how the parameters are
degenerate, yet some degeneracies can be effectively broken by combining
all three observational probes. 1σ constraints on the MG parameters are of
order ∼ 10−2−10−3 (68%C.L.) for the first two fiducial models and one order
better in the interacting fiducial model. The error on the dark matter cou-
pling parameter is ∼ 10−4 in all cases. One can also appreciate from Figure
21 how an Euclid-like survey gives an order of magnitude tighter constraints
than CMB-S4 experiments. Finally, the non-minimal coupling of DE en-
hances the effects of modification of gravity and reduces the statistical errors
accordingly [79].
4.4. Gravitational waves
Alternatives to GR can lead to two specific modifications in the propa-
gation of GWs: the first is the friction term affected by the running Planck
mass, i.e. αM , the second is the speed of propagation, c
2
t = 1 + αT . The
former alters the amplitude of the GWs and the latter its phase. In detail,
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Figure 21: Figure 3 in Ref. [228]. 68% C.L. contours for the Fisher Euclid-like forecasts
on the pure Horndeski ct = 1 model with a direct coupling between DE and DM (see eq.
(73)) and the ΛCDM fiducial background. αM and αB are modeled with the linear-de
form (eq. (B.2)). The blue region corresponds to the unstable region.
the evolution equation of the GWs on cosmological scales reads in Fourier
space 14
h¨Tij + (3 + αM)Hh˙
T
ij + (1 + αT )
k2
a2
hTij = 0 , (74)
where hTij is the tensor component of the spatial metric.
14A mass term can be included in the equation of GWs [232] but this does not hold for
the classes of theories considered in this review.
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αM and αT can lead to observable effects on CMB, on both the temper-
ature and the polarization spectra at any time. In particular, information
on primordial GWs is encoded in the B-modes at larger scales [233, 234,
235, 236]. The modification in the speed of propagation at early time can
affect the position of the inflationary and of the reionization peaks in the
B-modes [199, 237]. Furthermore, along with the expansion rate H, the
running Planck mass can damp GWs: for the class of Horndeski models, if
αM < 0 the GW amplitude is smaller than that predicted by the standard
scenario, the opposite holds if αM > 0 [238]. A modified amplitude then
introduces a difference in the GWs and electromagnetic luminosity distance,
which can be tested by GWs experiments and standard sirens [239, 240, 241].
The next generation Laser Interferometer Space Antenna (LISA) [242] would
constrain a constant αM at redshift 1.5 with a precision varying between 0.03
and 0.13 independently of the underlying cosmological model [243]. A recent
analysis combining LISA with CMB+BAO+SNIa data shows that αM can
be measured to an accuracy reaching 1.1% [244]. Joint measurements with
standard sirens will not only directly constrain the running Planck mass but
also give constrains on H0 which might also help in resolving the H0 ten-
sion [7, 8, 186, 187, 12]. We refer the reader to [232] for a review on GWs
astronomy.
The tensor-to-scalar ratio r is degenerate with αM as they both affect
the amplitude of the primordial peak [245]. Considering the Background
Imaging of Cosmic Extragalactic Polarization 2 (BICEP2) data [246] in order
to have r close to zero, αM must assume negative values, in particular it
goes towards −2. However, negative values of the running Planck mass
enhance the CMB BB spectra at large `, where the BICEP2 data would
favor instead smaller values. This feature needs to be considered in light
of other probes on scalar perturbations, indeed as extensively discussed in
previous Sections αM enters in the growth of structure, lensing and ISW
effect. For example, considering the Brans Dicke theory, the background
and scalar perturbations give 0 ≤ αM ≤ 0.01 and the degeneracy with r
is removed [245]. General cases do not allow for such tight bounds hence
the B-modes can provide useful constraints on early-time MG. Planck and
BICEP2 datasets constrain c2t = 1.30 ± 0.79 and c2t < 2.85 at 95%C.L. by
assuming a power law primordial tensor power spectrum and c2t < 2.33 at
95% C.L. if the running of the spectral index is allowed [237]. Forecasts for
the next generation CMB satellites Cosmic Origins Explorer mission (COrE)
[247] and Polarized Radiation Imaging and Spectroscopy Mission (PRISM)
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[248], will be able to constrain the speed of GWs at percent level [237].
As discussed previously, the modification of the speed of propagation of
GWs generates a gravitational slip η different from unity. The relationship
between an anomalous speed of GW and η is investigated in three cases [249]:
Bi-metric, Einstein-Aether gravity and Horndeski theories. Horndeski theo-
ries are studied in their EFT formulation and are shown to a have enough
freedom to hide dynamically the modification in the gravitational slip when-
ever αT 6= 0, but at the cost of making the perturbations evolve towards a
divergent kinetic term. On the contrary, the other theories do not offer this
possibility. This result can be used as theoretical argument for the interpre-
tation of future observations if they favor η = 1.
Finally, the anomalous speed of GWs can be used to break the degeneracy
between MG and DE behaviors within Horndeski theories, i.e. singling out
self-accelerating models [250]. The linear shielded Horndeski model [251]
retains this property but recovers a ΛCDM background expansion history
and exhibits µ(t, k) = η(t, k) = 1 at the linear perturbations level in the QS
regime. Within this scenario, the region allowing for self-acceleration is very
narrow. In particular, for these models to have cosmic acceleration attributed
to genuine MG, the present tensor speed has to be < 95% than that of light
and αM 5% less efficient than in ΛCDM [250]. Note that when imposing
c2t = 1, these models produce a 3σ poorer fit to cosmological observables as
compared to ΛCDM [252], challenging the concept of self-acceleration within
Horndeski theories. This model leads to the conclusion that surveys probing
LSS and the background expansion alone are not sufficient to ultimately
discriminate between ΛCDM and such modifications of gravity. Nevertheless
it highlights how the addition of current and future GWs detections can
break crucial degeneracies induced by MG and offer complementary means
to test gravity.
4.5. Constraints on µ, Σ and η
A systematic investigation of possible DE/MG extensions to GR can be
performed using the µ,Σ, η phenomenological approach [155, 156, 157, 158]
reviewed in Section 3.1. Signatures of deviations from the cosmological stan-
dard model can then be captured by constraining these functions directly.
Despite this approach being model-independent, the way in which constraints
on these functions are obtained might instead be model-dependent: one has
to choose somehow the underlying gravity model in order to obtain cosmo-
logical constrains on either µ,Σ or η. One can indeed make use of the EFT
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Figure 22: Top panels: Figure 7 in Ref. [112]. 68% and 95% C.L CMB constraints on
µMG(z = 0), ΣMG(z = 0) and γMG(z = 0) (in this review µ,Σ, η respectively). The
EFT functions follow the linear-de form (eq. (B.2)) on ΛCDM background. Different
combinations of stability conditions are imposed: stable (no ghost and no gradient) (green),
plus the sub-luminal propagation for scalar mode (cs < 1) (red) and plus sub-luminal
propagation of tensor mode (ct < 1) (blue). Bottom panels: Figure 5 in Ref. [174]. RSD
constraints are compared with (red) and without (blue) the prior on the variation of the
Newton constant for pure Horndeski models with ct = 1 parametrized using the de-1 form
(eq. (B.3)) on a ΛCDM background.
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formulation to compute the constraints. In this case, given a parameteriza-
tion of the EFT functions one can then translate the constraints on the EFT
parameters into the phenomenological functions using the relations (52)-(53)
in Section 3.1. Alternatively, one can parameterize directly the phenomeno-
logical functions. In the latter case, the connection with a specific model is
lost, however depending on the chosen parameterization, µ,Σ, η can mimic
the predictions of certain class of theories by appropriately choosing their
time and scale dependencies. A public EB code which allows to do so is Mod-
ified Growth with CAMB (MGCAMB)15 [111, 253]. Let us note that in both cases
the constraints are highly sensitive to the particular parameterizations and
priors assumed. A third approach instead considers µ,Σ, η as free functions
(e.g. using a principal component analysis [254]) and as such the resulting
constraints are completely model-independent. In this Section we focus on
the first two approaches.
Firstly let us consider the approach where the constraints are derived
within the EFT formulation. In principle, starting from each of the results
discussed in Sections 4.2-4.3 one can deduce the corresponding constraints
on µ,Σ or η. Major advantages in using the EFT approach to constrain
these phenomenological functions come from the possibility to: impose the
appropriate stability conditions to guarantee the viability of the chosen model
(see Section 3.3); use observational and experimental priors such as those
on the effective Planck mass, speed of GWs and Hubble parameter. Their
impact on the µ−Σ or µ− η planes is largely demonstrated in Section 3 and
when such requirements are used as priors in MCMC analysis they show a
strong constraining power [73, 48, 112, 174]. We show an example in Figure
22 (top panel) [112] where the c2s ≤ 1 and c2t ≤ 1 priors push notably the
constraints for pure Horndeski models in the η(z = 0) < 1 and Σ(z = 0) < 1
quadrant. This is in agreement with the sign conjecture on µ and Σ [160]
discussed in Section 3.2. The conjecture is also confirmed for pure Horndeski
models with c2t = 1 using the Solar-System prior on the variation of the
present day value of the effective Planck mass combined with RSD data and
a high redshift CMB prior [174]. The Solar-System prior allows notably
to obtain a stringent bound on the present value of the gravitational slip
parameter η = 1.0000± 9.3× 10−4 (95% C.L.). Having the effective Planck
mass stringently bounded at low redshifts by the Solar-System prior and at
15 MGCAMB webpage: www.aliojjati.github.io/MGCAMB/
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Figure 23: Figure 8 in Ref. [135]. Forecasts 2σ errors from DESI and SKA2 like-surveys
on the Σ function as function of redshift. The models M1 and M2 are pure Horndeski
models with c2t = 1 parametrized respectively as eqs. (B.5)-(B.6) on a CPL background.
The labels a and b differentiate for the number of EFT functions active: (a) {Ω, γi = 0},
(b) {Ω, γi}.
high redshifts by the CMB one, the redshift evolution of η is constrained by
RSD data to be close to unity across matter domination. This implies µ and
Σ to be almost equal across redshifts as shown in Figure 22 (bottom panels).
The fifth force contribution µff is favored at more than 2σ at present time
from the bound µ(z = 0) = µff(z = 0) = 1.321
+0.370
−0.284 (95% C.L.).
In terms of next generation galaxy surveys with specifications like DESI
and SKA2, forecasts on µ and Σ obtained from pure Horndeski models with
c2t = 1 parametrized as in eqs. (B.5)-(B.6) on a CPL background are found
to reach the 1% level [135]. In Figure 23 [135], we show the forecasted 2σ
errors on Σ(z). For the scaling-a models (M1), the errors are of O(10−3), and
decrease towards O(10−4) for z > 1.5. This is because Σ(z) asymptotically
tends to unity, independently of the cosmological parameters, which implies
very small errors. For the de-density form models (M2), the errors are con-
stant in z. One can notice that future data will allow to distinguish these
EFT models from ΛCDM at more than 3σ, assuming the best-fit values ob-
tained with present day data (Planck+BOSS DR12+H0+JLA+KiDS) hold
[135].
Let us now concentrate on the second approach, i.e. a direct parameter-
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ization of the phenomenological functions. A parameterization commonly
used in the literature is [255, 208, 256, 1]
Ξ(z) = 1 + Ξ0 × ΩDE(z)
ΩDE(z = 0)
, (75)
where Ξ stands for either {µ,Σ, η}. The latter has been considered by the
Planck Collaboration [208, 1] and the best fit resulting from the combined
analysis of several cosmological probes deviates from ΛCDM by more than
2σ. The constraints obtained suggest that µ(z = 0) < 1 and η(z = 0) > 1.
This is explained by the preference of data for lower values of σ8,0 relative
to the standard model (see discussion in Ref. [112] and related references
therein). Note that using a different data set combination this tension was
not recovered [256]. Other examples of direct parameterizations and corre-
sponding constraints can be found in Refs. [257, 258]. An important aspect
to note is that each chosen direct parameterization is differently sensitive to
the redshift evolution according to the time scaling of the model thus the
tightness of the constraints obtained can indeed vary significantly [257].
The direct parameterization of the phenomenological functions has some
advantages: it provides a null test of the standard cosmological model and
enables to clearly identify the tendencies of data with a low amount of free
parameters. However, being not based on a gravitational theory, stability
and normalization requirements or additional observational priors cannot be
considered or are hard to implement. These instead are easily included in
the EFT approach. Comparing the results from Planck [208, 1] and the
results obtained from the Monte-Carlo generation of viable pure Horndeski
models discussed in Sections 3.2-3.3, it is clear that the marginalized posterior
distributions obtained with the model in eq. (75) dwell in a region where
Horndeski theories are mostly absent. Further imposing the normalization
of the effective Planck mass to the Planck mass, i.e. µsc(z = 0) = 1 prevents
to recover models with µ(z = 0) < 1 since µff(z) > 1 as shown in Figure
22. Additionally, in a given theory, µ,Σ, η are not independent as eq. (54)
highlights and are hence bound to be correlated. Direct parameterizations
of these phenomenological functions do not allow to retain the link they
share affecting the constraints. Using instead the EFT approach allows to
overcome this issue. However in both approaches the time evolutions of
these phenomenological functions might result in simplified behaviors which
poorly capture the ones obtained from full covariant theories, e.g. scalar-
tensor theories [212, 163, 213]. The risk here is to miss information in the
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data. A way to bypass this issue would be to extract model-independent
information about the phenomenological functions from current and future
data. An example to minimize the model dependence is to consider them
as unknown functions of both redshift and scale, and bin them into a large
number of narrow bins on a grid in the (z, k) space [259, 254, 260, 176]. This
approach would however miss most of the advantage described above and
has its own limitations.
4.6. Specific modified gravity models
The EFT formalism has a twofold face when implemented in EB codes,
indeed the background dynamics can be solved either with a pure approach
as discussed in the previous Sections or by implementing a specific back-
ground solver for a chosen theory, i.e. the mapping approach. In the latter
case thanks to the mapping procedure discussed in Section 2.4, the EFT
functions are fully specified. Let us note that the mapping approach can also
involve a designer procedure to solve the background. In the following we
review specific DE/MG models implemented in EB codes using the mapping
approach.
• Quintessence [261]: the action for quintessence reads
SQ =
∫
d4x
√−g
[
M2pl
2
R− (∇φ)
2
2
− V (φ)
]
, (76)
where V (φ) is the potential of the scalar field φ. It is possible to show
that the freedom in choosing the functional form of the potential can
be replaced by the choice of the equation of state, indeed in the EFT
formalism one gets
c =
1
2
ρDE(1 + wDE) , Λ = V (φ0) = ρDE . (77)
Then, one has only to specify the expansion history and use a designer
approach to investigate minimally coupled quintessence models. The
model is implemented in EFTCAMB. Using the CPL background, the
stability conditions alone drastically limit the allowed range of varia-
tion of the CPL parameters {w0, wa} (removing the wDE < −1 space)
and drive the observational constraints [113]. As a result, the region
of the CPL plane that would be favored by WL data is eliminated,
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thus quintessence becomes significantly disfavored with respect to the
standard cosmological model. An extension of the viability region of
CPL could be performed with multifields quintessences models which
might provide a better fit to data. Furthermore, the no-ghost, no gra-
dient and mathematical16 help reducing the tension between KiDS and
Planck data sets [113].
• Designer f(R)-gravity [178, 262, 154, 98]: the action for f(R)-gravity is
shown in eq. (37) with the corresponding mapping into the EFT frame-
work. The model is implemented in EFTCAMB using the designer ap-
proach [73]. On a wCDM background, the free parameters are B0, w0,
i.e. the present day values respectively of the scalaron and the equa-
tion of state for the DE. The results show that using a combination of
data from Planck temperature and lensing potential spectra, WMAP
low-` polarization spectra (WP), and BAO, the constraints on the DE
equation of state are w0 ∈ (−1,−0.9997) at 95% C.L.. In particular,
the lower bound is the result of the requirement of stability conditions
which induce a strong correlation between B0 and w0 (see Figure 6
top panel), indeed when Log10B0 < −4 follows w0 → −1. Further-
more, the combination of the viability priors and the Planck lensing
data allowed to obtain a stringent constraint also on B0: Log10B0 =
−3.35+1.79−1.77 (95 %C.L.). This result was confirmed later in Ref. [210].
• f(R) Hu-Sawicki model [263]: this model is characterized by a specific
form of the f(R)- function which reads
f(R) = −m2 c1(R/m
2)n
c2(R/m2)n + 1
, (78)
where m = ρ/3M2pl, n > 0 and c1,2 are constant. The above func-
tional form is introduced to mimic ΛCDM in the high-energy regime
and to give rise to an accelerated expansion which is not driven by a
true cosmological constant at low-energy. The model is implemented
16Mathematical conditions are a set of requirements implemented in EFTCAMB worked
out at the level of the dynamical equation for the perturbation of the scalar field pi. They
guarantee the stability of the theory in absence of the full set of physical conditions. Such
condition can be replaced by the no-tachyonic condition which instead is a well physical
motivated condition [179].
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in EFTCAMB using the mapping approach [139]. In the latest analy-
sis [139], three cases are considered: n = 1, n = 4, n free, with
only one extra free parameter, i.e. the scalaron Compton wavelength
log(−f 0R), where f 0R ≡ df/dR(z = 0). The constraints for the base-
line datasets, D1 (Planck15, JLA, BAO) are weak in the case n = 1
(log(−f 0R) < −2.7 at 95% C.L. ), in the other cases the constraints on
log(−f 0R) are not statistically significant. The inclusion of the WiggleZ
data drives the bound on this parameter away from ΛCDM, for e.g. in
the n = 1 case log(−f 0R) = −3.4+1.4−1.2, at 95% C.L., while considering
D1+CFHTLenS the value of log10(−f 0R) is driven back to its ΛCDM
limit, log(−f 0R) < −4.5 at 95% C.L. (n=1). This analysis reveals for
the first time a degeneracy between σ8 and f
0
R. This was possible
thanks to a full implementation of the background solver which is not
forced to be ΛCDM. Interestingly, when n = 4 and log(−f 0R) > −2,
this degeneracy changes in direction, a feature also found in the pos-
terior distribution of σ8 and H0. Furthermore, for log(−f 0R) > −2,
this parameter shows a degeneracy with H0 also, due to the fact that
the effect of the background modification is not negligible within this
bound.
• Hybrid-metric Palatini f(Rˆ) gravity [264]: the action is constructed by
adding a Palatini correction f(Rˆ) to the usual Hilbert-Einstein term
as
SHf =
∫
d4x
√−gM
2
pl
2
[
R + f(Rˆ)
]
, (79)
where Rˆ ≡ gµνRˆµν is the Palatini curvature and Rˆµν is defined in
terms of an independent connection Γˆαµν . The mapping relations using
the α-basis read [265]
αM =
f ′Rˆ
1 + fRˆ
, αK = −3
2
f ′Rˆ
fRˆ
αM , αB = −αM , (80)
where prime is the derivative with respect to ln a. The background evo-
lution is solved using the designer approach with ΛCDM background
[265]. In this model, early modifications of gravity become significant
after recombination while they decay towards the present. Background
probes and Planck measurements do not show evidence for such effects.
The constraints for the scalar field value are |fRˆ(z = zon)| . 10−2 where
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zon is the redshift at which the decaying early-time modification is in-
troduced (zon ∼ (500 − 1000)), and |fRˆ(z = 0)| . 10−8 (95% C.L.) at
present time.
• Jordan Brans-Dicke theory (JBD) [95]: the JBD action reads
SJBD =
∫
d4x
√−g
[
φR− ωBD
φ
∇µφ∇µφ+ V (φ)
]
, (81)
where ωBD is the constant Brans-Dicke parameter and V (φ) is a po-
tential. GR is recovered for ωBD → ∞. The theory is very well con-
strained at all scales: ωBD > 4 × 104 from Shapiro time delay [266],
ωBD > 6 × 102 from Planck [267]. The model is investigated further
in Ref. [146] with V = 0 and a tracker solution for the background is
found where φ = φ0a
1/(ωBD+1) and φ0 = (2ωBD + 4)/(2ωBD + 3) [268].
In the α-basis the JBD model can be written as
αM =
d lnφ
d ln a
, αB = −αM , αK = ωBDα2M , αT = 0 , (82)
where the tracker solution implies αM = 1/(ωBD+1). This background
evolution and the mapping relations are implemented in hi class and
the analysis reveals that the combined future Stage-IV surveys will be
able to place the bound ωBD > 1.7× 104 [146], which is comparable to
Solar-System and astrophysical tests.
• Covariant Galileon (CG) [103]: the Galileon field φ was first intro-
duced in flat space with the Galileon symmetry ∂µφ→ ∂µφ+ bµ which
guarantees that the resulting theory posses second order equations of
motion [102]. Its generalization to a dynamical space-time leads to
the breakdown of such symmetry when demanding the field preserves
second order equation of motion [103]. The resulting theory is called
Covariant Galileon (CG). Even though it does not satisfy the original
Galileon symmetry it preserves the shift symmetry: φ → φ + c. The
CG action reads
SCG =
∫
d4x
√−g
{
M2pl
2
R− 1
2
c2X +
c3
M3
Xφ+ c4
4M6
X2R
− c4
M6
X
[
(φ)2 − φ;µνφ;µν
]
+
3c5
4M9
X2Gµνφ
;µν
82
+
c5
2M9
X
[
(φ)3 − 3φφ;µνφ;µν + 2φ;µνφ;µσφ;ν;σ
]}
, (83)
where Gµν is the Einstein tensor, X = φ
;µφ;µ and {; } stands for the co-
variant derivative. Moreover, ci are constant dimensionless parameters
and M3 = MplH
2
0 . One can fix a canonical normalization by choosing
c2 = −1 [269]. Note the original version of the action also includes
a c1φ term, but if one wants the late time acceleration to be driven
by the field kinetic energy, one should set c1 = 0. The above model
has been widely studied in literature because of its rich phenomenol-
ogy which makes it a possible candidate to explain late time accelera-
tion [165, 269, 147]. It was recently implemented both in EFTCAMB and
hi class thanks to the mapping procedure. Thus the EFT functions
are fully determined once the background is solved. Three cases are
explored [147, 140]: Cubic model (G3), i.e. c3 6= 0 , {c4, c5} = 0; Quartic
model (G4), {c3 , c4} 6= 0 , c5 = 0; Quintic model (G5), {c3, c4, c5} 6= 0.
Using data from the CMB (including lensing), BAO and ISW, G3 is
excluded as a viable candidate because it shows 7.8σ tension with the
data [147]. The G4 and G5 cases show a reduced viable parameter
space due to the ISW data and in this region the goodness-of-fit is
comparable to ΛCDM [147]. When using the combination of CMB
(temperature and polarization), BAO, H0 and WL measurements, the
G3, G4 and G5 models are also statistically ruled out [140]. This result
is obtained using only cosmological data as such it is independent from
any assumption coming from GWs [168, 169, 170]. We further discuss
the implication of GW on DE/MG in Section 5.2.
• Low-energy Horˇava gravity [49, 270]: Horˇava gravity is considered
a candidate for the ultra-violet completion of GR [49, 270]. The idea
behind this theory is to add only higher order spatial derivatives in the
action in order to modify the graviton propagator. To this purpose
the theory is formulated using the 3+1 decomposition of the ADM
formalism. Considering the above arguments, the action of Horˇava
gravity at low-energy can be written as follows [89]
SH =
M2pl
(2ξ − η)
∫
d4x
√−g (KijKij − λK2 − 2ξΛ¯ + ξR+ ηaiai) , (84)
where {λ, ξ, η} are dimensionless running coupling constants and Λ¯
is the “bare” cosmological constant. The model parameters are con-
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strained using both cosmological [271, 272, 273, 274, 275, 48] and as-
trophysical [276, 277, 278, 279] data. Furthermore, the theory is still
viable [280] after the detection of GW170817 event [166, 167]. The the-
ory is mapped into the EFT formalism and implemented in EFTCAMB
[48]. Using the combination of CMB (temperature and lensing), galaxy
power spectrum, local Hubble measurements, SNIa and BAO data,
two cases are analyzed [48]: H3, where the three extra free param-
eters {ξ, η, λ} are free to vary and H2 where the Parameterize post-
Newtonian (PPN) bounds are imposed [281], which imply ξ = η/2 + 1.
Thus only two parameters of the theory are left to vary {η, λ} 17. In the
H3 case the constraints on the parameters are ξ − 1 = −0.01+0.01−0.02 and
log10(λ− 1) < −4.31 (at 99.7%C.L) while η is unconstrained. Further-
more, the constraint on derived parameters such as Gcosmo/GN , where
Gcosmo is the cosmological gravitational constant appearing in the Fried-
mann equation, improves by one order of magnitude with respect to
previous results [271]. Indeed, Gcosmo/GN − 1 < 0.028 at 99.7%C.L..
For the H2 case, the results are log10(λ− 1) < −4.39, log10(η) < −4.51
and Gcosmo/GN − 1 < 6.1× 10−5 (at 99.7%C.L.). The latter is several
orders of magnitude better than the Big Bang Nucleosynthesis bound
[271].
• K-mouflage [282, 283]: these theories are characterized by a screening
mechanism which acts through the derivative of the scalar field φ. They
are constructed by including a universal coupling of the scalar field to
matter fields in the K-essence action. The action can be written as
follows:
SKm =
∫
d4x
√
−g˜
[
M2pl
2
R˜ +M4K(χ˜)
]
+ SM [gµν , ψi] , (85)
whereM4 is the energy scale of the scalar field, gµν obeys to the trans-
formation gµν = A
2(φ)g˜µν between the Jordan frame and Einstein
frame metric g˜µν . The kinetic term in the Einstein frame is defined
as χ˜ = −g˜µν∂µφ∂νφ/2M4, and K is a general function of the scalar
field. The quantities with tilde are defined in the Einstein frame. The
17Let us note that after the detection of GW170817 [166, 167] the viability region iden-
tified by the PPN has been revised and the condition ξ = η/2 + 1 becomes less relevant
[280].
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deviation with respect to ΛCDM is modeled through two functions:
2 =
dlnA¯
dlna
, 1 =
2
K¯χ˜
(
2M∗
(
dφ¯
dlna
)−1)2
. (86)
The model is implemented in EFTCAMB and two cases are investigated
[141]: the first in which the background is solved in the mapping ap-
proach exploiting the full dynamics of the K-mouflage model and a
second one where the scalar field is forced to reproduce a background
evolution degenerate with ΛCDM (K-mimic). Using CMB, CMB lens-
ing, SNIa and different galaxy catalogues and forecasts for future CMB
probes, the H0 bound alleviates the tension between Planck and low-
redshift probes. Moreover, because the model predicts a suppression
in the growth of matter perturbations relative ΛCDM, this results in a
lower value for σ8, easing the tension between Planck and WL measure-
ments [14, 13, 15, 16, 186, 187]. Finally, the constraints on the parame-
ters of the model are at 95% C.L.: −0.04 < 2,0 < 0 for K-mouflage and
0 < 2,0 < 0.002 for K-mimic. They could improve by approximately
one order of magnitude with future surveys such as COrE [284].
• Galileon ghost condensate (GGC) [285]: the model extends the cubic
covariant Galileon [103] by including an additional higher-order field
derivative X2 following the Ghost-Condensate model [286]. The action
reads
SGGC =
∫
d4x
√−g
[
M2pl
2
R + a1X + a2X
2 + 3a3Xφ
]
, (87)
where a1,2,3 are constants. The model is implemented in EFTCAMB [142]
and for convenience the following dimensionless variables are considered
on a FLRW background
x1 = − a1φ˙
2
3M2plH
2
, x2 =
a2φ˙
4
M2plH
2
, x3 =
6a3φ˙
3
M2plH
. (88)
A phenomenological analysis shows that interestingly the low-` ISW
tail is lower than in the standard ΛCDM scenario for x3  x2 [142].
Another relevant feature is that the equation of state of DE can be in
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the region −2 < wDE < −1 at low redshifts [285]. The constraints on
the present day values of the above parameters using a combination
of CMB, BAO, RSD and SNIa data [142] yield: x
(0)
1 and x
(0)
2 of order
1, with x
(0)
1 negative and x
(0)
2 positive, x
(0)
3 smaller than x
(0)
2 . Finally,
according to the Deviance Information Criterion (DIC) [287] and the
Bayesian evidence factor (log10B) [288, 289], the GGC model is found
to be statistically preferred over ΛCDM even with additional model
parameters. In details, the above quantities computed with respect to
ΛCDM give: ∆DIC = −0.6 (negative value supports the GGC model)
and ∆ log10B = 5.1 (value > 2 favors the GGC model) for the complete
dataset [142].
• Beyond Horndeski dark energy model [285]: The model (hereafter BH)
belongs to the quartic-order GLPV theories and extends the GGC
model in action (87) by including a beyond Horndeski term. The action
reads
SBH =
∫
d4x
√−g
[
a1X + a2X
2 + 3a3Xφ+
(
M2pl
2
− a4X2
)
R
+ 8a4
(
φ;µφ;νφ;µνφ− φ;µφ;µνφ;λφ;λν
)]
, (89)
where a1,2,3,4 are constants. Along with the dimensionless parameters
in eq. (88) on a FLRW background, one can consider an additional
parameter which reads
x4 =
10a4φ˙
4
M2pl
. (90)
The above parameter defines the deviation with respect to Horndeski
model, the so-called beyond Horndeski parameter αH , which is given
by
αH =
4x4
5− x4 . (91)
The model is implemented in EFTCAMB and investigated using CMB,
BAO, RSD and SNIa data [143]. A tight upper bound |α(0)H | ≤ O(10−6)
on the present day value of αH was found [143]. This is mostly due to
the shift of CMB high-` peaks induced by the early-time modification in
the cosmological background and linear perturbations arising from the
dominance of αH in the DE density. Another bound on αH comes from
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the GW decay to DE and is of order 10−10 [171]. However let us notice
that it is still a matter of debate whether GWs bounds from LIGO
can be applied to MG at large linear scales [290] (see Section 5.2 for
further discussion). The complete analysis of the BH model also reveals
it to suppress the low-` ISW tail of the CMB TT power spectrum
with respect to ΛCDM due to the existence of the cubic term (x3)
and Ghost condensate one (x2). The modified background expansion
also affects the high multipoles CMB power spectrum. These features
allow for the BH model to fit the data better than ΛCDM according
to the χ2 statistics, however the DIC criterion slightly favors the latter
[143]. From this result follows that since the BH model with αH = 0
corresponds to the GGC model which is favored over ΛCDM [142] as
discussed before, there are no particular signatures for deviations from
Horndeski theories in current data.
4.7. Neutrinos and modified gravity
Massive neutrinos leave an imprint on cosmological observables: they im-
pact the matter power spectrum and the shape of CMB anisotropies signifi-
cantly while neutrino masses in the sub-eV to eV range alter the expansion
history at the epoch of radiation-matter equality [291, 292]. Massive neu-
trinos change the height of the first acoustic peak of the CMB TT power
spectrum due to the early ISW effect [293]: during the transition from radia-
tion to matter epoch, the evolution for the metric perturbation changes hence
the photon geodesics as well. This happens near the epoch of photon decou-
pling leaving a signature in the CMB anisotropies. A further contribution of
massive neutrinos to the early ISW effect comes from their transition from rel-
ativistic to non-relativistic regime if their mass is of order 1 eV. Furthermore,
neutrinos have large thermal velocity so they do not fall into the potential
wells at k larger than the neutrino free-streaming comoving wavenumber.
This weakens the gravitational potential wells and suppresses the growth of
structure on small scales. Some of these effects can therefore be degenerate
with those of DE and MG and generally the constraints on neutrinos mass
depend on the cosmological model assumed [294, 295, 296, 297, 298, 253, 299].
The degeneracy between alternatives to GR and massive neutrinos has been
revisited in the EFT framework [300, 301].
In the context of designer f(R)-gravity as implemented in EFTCAMB using
a combinations of Planck 2013, BAO measurements and LSS data from Wig-
gleZ, a lower degeneracy with respect to previous literature results is found
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[300]. This is motivated by the fact that the dynamics of the f(R) model
is fully exploited with EFTCAMB (the code does not use QS approximation).
The bounds on the Compton wavelength parameter and the neutrino mass
read: log10B0 < −4.1 for a fixed Σmν = 0.06 eV, which set a new upper
limit on B0; log10B0 < −3.8 for varying neutrino mass and Σmν < 0.32 at
95% C.L.. The improved bounds on these parameters are driven mostly by
the WiggleZ data which are highly sensitive to changes in B0 and thus are
able to partially break the degeneracy between these two parameters. The
second model considered is a non-minimally gravitational coupling model
parametrized through the linear EFT model (67) with a ΛCDM background.
In this model, no sizable degeneracy is found and the bound obtained on the
free parameter is ΩEFT0 < 0.05 (95% C.L.). The constraint is slightly im-
proved with respect to what was previously obtained [73] where no massive
neutrinos were considered. Finally, the constraint on the sum of neutrino
mass is Σmν < 0.26 at 95% C.L.. In this case the CMB lensing drives the
constraints on the coupling constant ΩEFT0 and the bound on Σmν is slightly
looser. The combined dataset without the CMB lensing results in an slightly
improved value for Σmν(< 0.25).
The degeneracy has been explored in the α-basis with the α-functions
parametrized as the z-transition form in eq. (B.9) on a ΛCDM background
[301]. The neutrino mass is found to be partially degenerate with the free
parameters ci. In particular, using forecast CMB and galaxy power spectrum
datasets, one observes the parameter cB, characterizing αB, to dominate the
correlation with the total neutrino mass. Furthermore, αB can cancel the
power suppression due to the massive neutrinos at a given redshift. The
breakdown of such degeneracy depends on the cosmological LSS data used
at different redshifts. Next generation surveys such as Euclid would limit but
not fully break the degeneracy between these two parameters [146], where no
apparent degeneracy between MG and the sum of neutrino masses is obtained
given the forecasted precision on the αi parameters.
5. Astrophysical implications
In this Section, we review the implications astrophysical constraints have
on the parameter space identified by the EFT functions. The EFT framework
discussed in this review holds in the linear regime. In order to connect the
EFT functions with physical quantities describing astrophysical processes,
one can assume the validity of a linear treatment only if modifications of
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gravity are not screened or weakly screened, i.e. in a regime where non-
linearities are subdominant. In this context, we review the bounds which
constrain the strength of gravity inside massive astrophysical bodies such as
dwarf, neutron stars, pulsars and galaxy clusters and the constraint derived
from the detection of the GWs event GW170817 and its electromagnetic
counterpart GRB170817A.
5.1. Massive astrophysical bodies
A common feature of MG models is the property to screen the fifth force
on small scales or high density environments, notably where Solar-System
and astrophysical tests constrain gravity to be that of GR with astonishing
precision [302, 303]. The GR limit is then recovered in such models thanks
to screening mechanisms [5]. In scalar-tensor theories, the latter can be
classified using the type of interaction as a phenomenological criterion. It can
depend on the local field value as in the cases of symmetron [304], chameleon
[161, 162] and dilaton [305] mechanisms; or on the first derivative ∂φ, e.g. K-
mouflage screening mechanism [306] and finally if it acts through the second
derivative ∂2φ, typical of the Vainshtein mechanism [307, 102, 308, 309].
The Vainshtein screening mechanism is characteristic of Horndeski and
GLPV theories. A peculiarity of GLPV theories is that the screening of
the extra DoF is not complete however. Outside an extended object the
Vainshtein mechanism allows to fully reproduce GR equations, yet it ex-
hibits a “partial breaking” inside astrophysical bodies [310]. The perturbed
potentials of the Minkowski metric, φ(r), ψ(r), inside the objects obey the
equations [310, 311]
dφ
dr
=
GNM˜(r)
r2
+
Υ1GN
4
d2M˜(r)
dr2
, (92)
dψ
dr
=
GNM˜(r)
r2
− 5Υ2GN
4r
dM˜(r)
dr
, (93)
where Υi are dimensionless constants depending on the specific theory and
M˜(r) is the mass inside the object. Inside a matter overdensity the gravita-
tional interaction becomes dependent on local matter density and the gradi-
ent of the gravitational potentials are no longer equal. This is transcribed by
the fact that both the Υi are different functions of the MG couplings. This
“breaking” of the Vainshtein screening effect opens a new window to constrain
bounds on GLPV models through massive objects, such as dwarf, neutron,
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Figure 24: Left panel : Figure 1 in Ref. [316]. Excluded regions on the parameters αB and
αH from galaxy clusters (green) and dwarf stars (blue) for GLPV models with c
2
t = 1.
Right panel : Figure 2 in Ref. [317]. Hulse-Taylor Pulsar and Cassini constraints on αH
and c2T (= c
2
t in this review).
hyperon and quark stars and galaxy clusters [312, 313, 314, 311, 315]. In
the EFT formulation, the Υi are related to the EFT coupling functions by
[314, 313]
Υ1 =
4α2H
c2t (1 + αB)− αH − 1
, Υ2 =
4αH(αH − αB)
5(c2t (1 + αB)− αH − 1)
. (94)
Note that the breaking occurs if and only if αH 6= 0, hence it does not apply
to Horndeski models. Thus, bounds on these two parameters can be seen as
constraints on the EFT functions and eventually they can be used to rule
out competitors to ΛCDM.
Observations of several low mass red dwarf stars give a conservative upper
bound on the parameter Υ1 . 0.4 at redshift zero [312]. Stable spherically
static stellar solutions also require Υ1 > −2/3 [313], which is satisfied when
considering the lower bound Υ1 > −0.51 from the consistency of the Chan-
drasekhar mass with the lowest mass white dwarf [318]. Constraints on Υi
parameters can be also obtained from extragalactic measurements of galaxy
cluster profiles [314]. Using X-ray and lensing profiles of galaxy clusters from
XMM Cluster Survey [319] and CFHTLenS [320], a stringent constraint on
Υ1 and the first estimation of Υ2 are obtained at high redshift (0.1 < z < 1.2),
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i.e. Υ1 = −0.11+0.93−0.67 and Υ2 = −0.22+1.22−1.19 at 2σ [311]. These constraints di-
rectly translate into bounds on the EFT functions. One can further restrict
the allowed parameter space for the EFT functions by considering the addi-
tional bound on the speed of propagation of GWs which leads to c2t = 1 (i.e.
αT = 0) [167]. Then, only αH and αB enter in the definitions of Υi. The
remaining viable regions in the αH-αB plane are showed in white in Figure
24 [316]. Let us note that the second line in eq. (92) is further modified
with the inclusion of an additional constant Υ3 if theories such as DHOST
are considered [321, 322, 323].
The Vainshtein mechanism has another peculiar characteristic around
massive objects, the so-called piercing effect [317]. Within the screened re-
gion, although the background value of the scalar field is suppressed its gra-
dient is not bound to vanish for theories bearing the shift symmetry, as it
is the case of a sub-class of GLPV theories. Theories with anomalous speed
of GWs and coupling to matter for GWs (i.e. an effective Planck mass) can
therefore be tested at astrophysical scales. For example, observations of the
Hulse-Taylor pulsar led to a model-independent constraint on the local value
of ct to the level of 10
−2 [317] through the bound
0.995 . GGW
GN
c
ct
. 1 , (95)
where GGW is the GWs coupling to matter. Combining this bound with
the PPN constraint from the Cassini spacecraft experiment on the screened
remnant of the gravitational slip parameter ηsc− 1 = (2.3± 2.1)× 10−5 [266]
induces the constraints on the EFT functions, αT = c
2
t − 1 and αH , shown
in Figure 24 (right panel).
The bounds reviewed in this Section can be used to complement those
obtained from cosmological scales in order to further improve our knowledge
about the gravitational interaction.
5.2. GW170817 and GRB170817A
The first observed merger of a binary neutron star system on August 17,
2017 occurred through two channels: first the LIGO and Virgo collaborations
detected the GWs signal from this event, known as GW170817 [166] and after
1.74 ± 0.05 s the Fermi and INTEGRAL gamma-ray telescopes observed
the gamma-ray burst GRB170817A [167]. The time delay between the two
detections constrained the difference between the speed of GW and the speed
of light to be −3× 10−15 ≤ ct − c ≤ 7× 10−16 [167].
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This result has a severe impact in selecting viable MG theories compatible
with such tiny bound [168, 169, 170]. Applying this constraint on the speed
of propagation of GWs in the EFT formalism implies |αT | < 10−15. If one
imposes exactly such condition at any time, broadly speaking it leads to the
conclusion c2t = 1. Now considering the EFT action (5), one obtains three
separate conditions depending on the chosen sub-class of models:
M¯23 = 0 (full action) ,
M¯23 = −M¯22 = 0 (GLPV) ,
M¯23 = −M¯22 = −2µ21 = 0 (Horndeski) . (96)
The cases of GLPV and Horndeski theories received particular attention [168,
169]. Using the above relations, the GLPV Lagrangian reduces to [168]
Lct=1 = G2(φ,X) +G3(φ,X) +B4(φ,X)
− 4
X
B4,X(φ,X)(φ
µφνφµνφ− φµφµνφλφλν) , (97)
from which one can notice that the quintic GLPV Lagrangian vanishes. Horn-
deski theories with c2t = 1 can be obtained from the above Lagrangian con-
sidering B4 to be solely a function of the scalar field, i.e. B4(φ). It is clear
that also in this case the quintic Horndeski Lagrangian is completely ruled
out. Note that the relations leading to action (97) do not represent a fine
tuning in the theory because the choice c2t = 1 is protected against large
quantum corrections [324, 325]. According to action (97) some well known
MG models were ruled out [170], e.g. Quartic and Quintic galileon [102, 103],
Fab four [326], de Sitter Horndeski [327], Gµνφ
µφν [328], f(φ)-Gauss-Bonnet
[329]. Considering the beyond Horndeski models, one can exclude quartic and
quintic GLPV [37], quadratic DHOST (with A1 6= 0) [38] and cubic DHOST
[330]. Additionally, in a recent work the decay of GWs into DE fluctuations
in presence of Lorentz breaking was investigated [171]. The dominant de-
cay channel is the decay of GWs into two scalar fluctuations γ → pipi and
a second channel leads to γ → γpi. In both cases the decays are driven by
a coupling proportional to αH . Values of αH 6= 0 lead to a large decay rate
of the GWs implying no wave would reach the detector. As consequence
αH is forced to be of order 10
−10 and theories such as GLPV and some sub-
classes of DHOST models are further ruled out. Many other models passed
the bound on the GWs speed, such as Cubic Horndeski models discussed
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in Refs. [102, 103, 331, 332], the Kinetic Gravity Braiding model [99], the
shift symmetric GLPV model [285], the tracking and scaling DHOST the-
ories discussed in Ref. [333], Einstein Aether theory [334] and low-energy
Horˇava gravity [280, 279]. For a complete review about viable models after
GW170817 see Ref. [335].
The constraints in eq. (96) assume αT = 0 for any background. In other
words, they have to be satisfied for any value of φ¨. However, by requiring the
scalar field to satisfy the equation of evolution for the scalar field “dynami-
cally”, it is possible to obtain other constraint relations according to which a
non trivial quintic Horndeski Lagrangian can be rescued. The latter however
is ruled out by the effects of large scale inhomogeneities [336].
The range of application of the LIGO bound on MG models is still subject
of debate. Let us mention that the applicability of the bound on αT at any
time is questionable since the source of GWs is at redshift z ' 0.009. Then
such bound should be applied only to constrain the speed of MG models
at recent time, i.e. z < 10−2 [184, 335]. In addition, one of the issues put
forward is that LIGO measurement relates to frequencies of 10 − 100 Hz
which correspond to energy scales several orders of magnitude larger than
those describing DE. Typically the EFT description of low-energy phenomena
breaks down at a cutoff ∼ 100 Hz. In this regard the measurement of the
speed of GWs can be considered dependent on the frequency at which it
was measured ct(kLIGO) [290]. Then, the EFT may predict a sub-luminal
propagation at low-energy since the speed of GWs is close to unity at LIGO
scales, thus, M¯23 (kLIGO) = 0 yet M¯
2
3 (k = 0) 6= 0 at cosmological scales where
the transition mechanism would be provided by the partial UV completion
of the theory [290]. An experimentum crucis for the GWs in cosmology will
be the future LISA mission [242] with sensitivity near 10−3 Hz. Only at this
frequency one can eventually aim at definitively ruling out all the theories
with ct 6= 1 and restrict the viable parameter space if the LIGO constraint
will be confirmed.
The different scales at which MG phenomena are expected and LIGO
measurement happened have been further discussed [337]. The former acts on
scales ∼ H−10 while one can associate the lookback time of LIGO observation
10−4H−10 to the latter. The corresponding wave number of GWs is ∼ 1019H0.
Defining Kgrav = kgrav/H0, one can use Kgrav to suppress modifications to
gravity on small scales. The phase and group velocity of GWs for a wide
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range of models can be written as [337]
vp(K) =
1
a
√
1 + αT +
M2GW
K2
, vg =
1 + αT
a2vp
, (98)
where M2GW (t) is the time dependent, dimensionless graviton mass and K =
k/aH. In the limit MGW  Kgrav ∼ 1019 it follows that vp = vg =√
1 + αT/a which implies |αT | < 10−15 as pointed out in previous works.
However, the massive graviton could still have significant effects on cosmo-
logical scales.
In conclusion, investigation of gravitational models with c2t 6= 1 would
lead to obtain independent constraints from cosmological observations in or-
der to complement the astrophysical observations. Future space-based GW
detectors such as LISA will enlarge the reach of multi-messenger GW astron-
omy. It will then be possible to test gravity to a much higher precision and
eventually help in shedding light on the controversy about the applicability
of LIGO bounds at cosmological scales.
6. Conclusion and outlook
The EFT provides a unifying framework for gauging general classes of
DE/MG theories at large cosmological scales in terms of a variety of free
functions of time. One can thereby make predictions and interpret obser-
vations directly in the space of class of theories and not within a single
paradigm. For example, µ and Σ are known to be a powerful phenomeno-
logical parameterization to accurately describe MG effects in the growth of
structures and the lensing of light. Observational evidences of any deviations
from GR in these functions are hard to connect with classes of MG models
without their interpretation in terms of EFT functions yet possible for sin-
gle specific models. EFT thus provides an appropriate framework to classify
different aspects of MG according to their signatures [160]. It also helped
in obtaining interesting trends in these phenomenological functions which
are of large applicability, e.g. the µ − Σ conjecture [160, 173, 136]. These
informations can be translated into specific models since the EFT frame-
work preserves the link with covariant theories allowing then to restrict the
forms of the general functions characteristic of DE/MG Lagrangians. The
use of numerical tools built employing the EFT framework, such as EFTCAMB
[72, 73], hi class [74], COOP [75] and EoS class [76] made the explorations
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of DE/MG effects on observables straightforward. This initiated a system-
atic analysis of alternative models against cosmological data. A recollection
of these can be found in Appendix C summarized in tables. Considerable
progress was also made in identifying the stable parameter space of theories of
gravity [85, 73, 163, 179]. General and theoretically rigorous conditions were
derived in the EFT framework encompassing the most significative class of
models [118]. Such conditions are now systematically enforced in numerical
codes [85, 112, 113, 73, 48, 113].
Such a unifying description comes at a price: the functional form of the
time dependent EFT functions is unknown. Observations generally do not
have enough power to fix continuous functions of time but only numbers.
One thus resorts to a phenomenological modeling of such functions. In other
words, the unknown information contained in the structural functions is com-
pressed into a finite set of parameters, but one faces the challenges of general
parameterizations against oversimplifications. The risk would be to miss sig-
nificant DE/MG signatures or eventually to give a false alert [212, 213]. The
chosen parameterization should thus be universal enough to explore most
of the space of stable theories and yet be effectively constrainable by ob-
servations. In other words, one must adopt functional behaviors useful for
revealing the nature of cosmic acceleration and concurrently avoid including
too many free parameters as they might loosen the constraining power of
data [112]. Fortunately, cosmological observables seem not to be extremely
sensitive to short time-scale variations and therefore smooth parameteriza-
tions are in general sufficient to describe the theory space in a satisfactory
way [338]. A convenient way to fix the EFT functions might be to parame-
terize directly the stability conditions and derive, subsequently, the evolution
of the EFT functions [184, 183, 185, 339]. Alternatively one can use more so-
phisticated data-driven analysis to reconstruct characteristic functions such
as EFT functions, µ,Σ and wDE and then derive specific model properties
[107, 225]. Beyond this issue, the EFT framework, although not complete
yet, already helped to acquire deeper knowledge about the nature of gravity
force, and derive novel predictions at cosmological scales.
The attempt for a fundamental understanding of the nature of gravity
will require new efforts in both theoretical and observational sides. The next
generation of cosmological surveys such as Euclid [67], DESI [68], SKA [69]
are specifically tailored to study the impact of DE on the distribution of
clustered matter. They will deliver highly accurate data offering an unprece-
dented insight into gravity on cosmological scales. The EFT framework is
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likely to become a sound benchmark to interpret data in the context of MG
and extract precious information about fundamental physics. Yet a number
of improvements are required to make this approach as complete as possible.
For instance, the original EFT description is not properly armed for a cor-
rect description of screening effects at intermediate non-linear scales. These
are instead very important in the interpretation of data since substantial
part of GC, CMB lensing and WL data originates from non-linear scales.
A phenomenological way to mimic screening mechanisms has been recently
introduced [146, 214] which highlighted the urgency of the inclusion for non-
linearities in the data analysis as these have been proven to increase the
constraints on the EFT functions [230]. In this regard, a number of pioneer
work contributed to incorporate non-linear effects to the EFT framework
[62, 64, 65]. Further developments will offer the possibility to include cor-
rections to the power spectrum coming from non-linearities as well as high
order correlation functions. In parallel, the interpretation of data in light
of stability conditions opened in certain cases the possibility of multi-fields
models to explain the region of the parameter space favored by data [113].
In this regard, an interesting field of investigation could be to generalize the
EFT construction to include additional DoFs whose dynamics is relevant at
late time following the example of the EFT of multi-field Inflation [340].
The EFT framework reveals to be an innovating and fascinating research
field with very promising prospects opened for improvements and extensions.
This not only stems from its flexibility and user friendly approach but also
for the era within which it is developed. We believe that in coming years a
major breakthrough in the understanding of our Universe will be possible.
The window to test gravity is not limited to cosmological observations but
now extends to multi-messenger probes which will allow to place constrains
on MG/DE models to a much higher accuracy. This becomes even more
exciting as our modeling of the Universe perfects, as new ways of making data
whisper their secrets are developed from novel machine learning [341, 342]
and gaussian process techniques, without forgetting that evidence for models
beyond the standard model is starting to arise at the bayesian level [142].
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A. Acronyms and symbols
This Appendix is dedicated to the acronyms and symbols used throughout
the review. For the sake of clarity we have collected them respectively in
Table A.2 and Table A.3.
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Acronym Definition
BAO Baryon Acoustic Oscillations
BICEP Background Imaging of Cosmic Extragalactic Polarization
BOSS Baryon Oscillation Spectroscopic Survey
CDM (DM) Cold Dark Matter (Dark Matter)
C.L. Confidence Level
CMB Cosmic Microwave Background
CMB-S4 Stage-4 CMB experiment
COrE Cosmic Origins Explorer mission
CPL Chevallier-Polarski-Linder
CS Cosmic shear
DE Dark Energy
DESI Dark Energy Spectroscopic Instrument
DHOST Degenerate Higher Order Scalar-Tensor Theories
DoF Degree of Freedom
EFT Effective Field Theory
EB Einstein-Boltzmann
FLRW Friedmann-Lemaˆıtre-Robertson-Walker
GBD Generalized Brans-Dicke theories
GC Galaxy Clustering
GLPV Gleyzes-Langlois-Piazza-Vernizzi
GR General Relativity
GWs Gravitational Waves
ICs Initial conditions
ISW Integrated Sachs-Wolfe
JLA Joint Light-curve Analysis
KiDS Kilo-Degree Survey
ΛCDM Λ Cold Dark Matter
LIGO Laser Interferometer Gravitational-Wave Observatory
LISA Laser Interferometer Space Antenna
LSS Large-scale structure
LSST Large Synoptic Survey Telescope
MCMC Markov Chain Monte-Carlo
MG Modified Gravity
QS Quasi Static
RSD Redshift-space distortions
SKA Square Kilometer Array
SNIa Supernovae Ia
wCDM w Cold Dark Matter
WEP Weak Equivalence Principle
WL Weak Lensing
Table A.2: Table of acronyms and their definitions used throughout the review.
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Symbol Definition
t, z, a(t), k cosmic time, redshift, scale factor, wavenumber
∂µ,∇µ(=; ) derivative and covariant derivative
f(t), c(t), Λ(t) (background) EFT functions
M42 , M¯
2
2 , M¯
2
3 , m¯
3
1,m
2
2, µ
2
1 EFT functions
Mpl Planck mass
M(t) effective Planck mass
αM (t) running Planck mass
αB(t) braiding function
αGLPVB (t) beyond GLPV function
αT (t) tensor speed excess
αK(t), αK2(t) kineticity, extended kineticity
αH(t) beyond Horndeski function
Ω(t), γi(t) EFTCAMB basis, i = 1, ..6
H(t) (H0) Hubble function (today)
B(t) (B0) scalaron Compton wavelength (today)
δm linear matter perturbation
φ(t, xi), X = ∂µφ∂
µφ scalar field, its kinetic term
gµν(xµ) metric tensor
δA(t, xi) linear perturbation of A
R, Rµν Ricci scalar and tensor
∆m(t, xi) Comoving density contrast
ρm(t), ρDE(t) matter and DE densities
Ωm(t) (Ωm,0) matter density parameter (today)
ΩDE(t) (ΩDE,0) DE density parameter (today)
wDE(t) DE equation of state
w0, wa constant wDE, first derivative of wDE today
cs(t)
2, ct(t)
2 scalar and tensor speeds of propagation
α(t) kinetic term in Horndeski
λC ∼M−1C Compton length scale/Mass
σ8(σ8,0) matter power spectrum amplitude at 8 h
−1Mpc (today)
f(t), γ(t) growth rate and growth index
fσ8(t) growth function
GN Newton constant
Φ(t, k),Ψ(t, k) Newtonian and curvature potentials
µ(t, k) effective gravitational coupling
Σ(t, k) light deflection parameter
η(t, k) gravitational slip parameter
µsc(t)/Σsc(t) µ/Σ at super-Compton scale
µ∞(t)/Σ∞(t) µ/Σ at sub-Compton scale
µff (t) fifth-force contribution to µ∞
pi(t, k) scalar field perturbation
K, Kµν extrinsic curvature trace and tensor
R,Rij three dimensional Ricci scalar and tensor
Table A.3: Table of symbols and their definitions used throughout the review.
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B. Alternative basis and pure EFT parameterizations
In this Appendix, we collect the different basis used in literature to iden-
tify the EFT functions in action (5). Table B.4 provides the relations among
them. The ones that have been largely used in this review are: the EFT ba-
sis in action (5), the EFTCAMB basis [86] and the α-basis [128]. The EFTCAMB
basis also includes the γ6 function defined as [86]
γ6 =
m22
M2pl
, (B.1)
according to the action (5). It corresponds to eq. (46) in the α-basis. This
EFT function is necessary to parameterize Lorentz violating effects.
We summarize the most common pure EFT parameterizations used to fix
the functional form of the EFT functions. In the following, we denote an EFT
function regardless of the basis considered by Fi, where i spans on all the EFT
functions in a given basis, e.g. in the α-basis Fi ≡ {M,αM , αB, αK , αT , αH}.
Let us note that in the following we use ci to identify general constant param-
eters. This notation is not a common one, thus the name of the coefficients
needs to be adapted to each paper considered in this review.
The pure EFT parameterizations are:
• linear-de form: the EFT functions are chosen to be proportional to
ΩDE(z) as follows
Fi(z) = ci
ΩDE(z)
ΩDE(z = 0)
, (B.2)
where ci is the constant parameter associated to the coupling Fi. We
note that the normalization with ΩDE(z = 0) is not always used.
• de-N form: this parameterization assumes an expansion of the EFT
functions in terms of ΩDE = 1− Ωm. In particular it has been built in
the formalism of [85] for Horndeski models. The EFT functions in this
basis are defined as follows:
Fi(Ωm) =
1− Ωm
1− Ωm,0H
n
(
ci,0 + ci,1 (Ωm − Ωm,0) + ci,2 (Ωm − Ωm,0)2 + ...
)
,
(B.3)
where the free parameters ci,0, ci,1, ci,2 are associated to the EFT func-
tions Fi. The index n is: n = 0 for 4, n = 1 for µ and µ3, and n = 2 for
µ22. The correspondence with the basis used in this review is in Table
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B.4. Note that the normalization with 1− Ωm,0 is not always used. In
the review we have defined de-1 form as the expansion up to first order
(ci,0, ci,1 and c2,i = 0) and de-2 form the one including the second order
(ci,0, ci,1 and c2,i).
• 6-parameters form: the EFT functions resemble eq. (B.3) with {ci,1, ci,2} =
0. For the running Planck mass function only, the coefficient cM,0 is
not a constant yet a function of Ωm. Considering specifically a wCDM
background it assumes the form [85]
cM,0(Ωm) = (β − α)Ωm,0
Ωm
+ [α− β(2 + Ωm,0)]Ωm + 2βΩ2m , (B.4)
where α, β are constants. Thus one has two parameters plus three
other parameters from the remaining EFT functions and finally the
6th parameter is wDE = w0.
• scaling-a/linear scaling-a form: this parameterization considers the be-
havior of each EFT function to scale with the scale factor a as follows
Fi(a) = ci a
qi , (B.5)
where there are two free parameters ci (the amplitude) and qi (the
slope) per coupling Fi. The linear scaling-a is obtained when the slope
is zero (qi = 0).
• de-density form: the EFT functions are parametrized to be propor-
tional to the DE density (ρDE), i.e. Fi ∝ ρDE. In particular using a
CPL parameterization for the background it implies:
Fi(a) = cia
−3(1+w0+wa)e−3wa(1−a) , (B.6)
where ci are constants and w0, wa are the CPL parameters.
• e-fold form or 1+ tanh form : this parameterization allows a transition
for the EFT behavior from unity in the past to a constant value in the
future as
Fi(z) =
4ci (a(z)/at)
τ
[1 + (a(z)/at)
τ ]
2 = ci
(
1− tanh2
[
τ
2
ln
(
a
at
)])
, (B.7)
where there are 3 free parameters: ci giving the amplitude of the tran-
sition, at the scale factor of the transition and τ its rapidity.
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• hill form: this functional form follows the e-fold form previously pre-
sented but allows for the coupling to have a negative amplitude. It
reads
Fi(z) =
4ci (a(z)/at)
τ [(a(z)/at)
τ − 1]
[1 + (a(z)/at)
τ ]
3 , (B.8)
where the definition of the parameters follows the e-fold form.
• z-transition form: this behavior allows to switch on modifications to GR
at a given redshift zth (a transition redshift) with a transition given by
∆z. The expression is given by
Fi(z) =
1 + tanh
(
zth−z
∆z
)
1 + tanh
(
zth
∆z
) . (B.9)
For example, the transition redshift zth has been chosen close to the
redshift of neutrinos becoming non-relativistic and ∆z comparable to
zth in Ref. [301].
• early/late time transition form: this behavior allows the EFT func-
tions to shift from different early and late time values with a smooth
transition. The expression is given by
Fi(a) =
1
2
(Fi,early + Fi,late) + (Fi,late − Fi,early) arctan
[
a− aT
∆a
]
1
pi
,
(B.10)
where Fi,early and Fi,late are early and late time values of Fi, aT is
the scale factor at the time of the transition and ∆a is the transition
sharpness.
• Pade´ expansion: the Pade´ expansion of order [N/M] is the rational
function
Fi(a) =
∑N
n=0 cn(a− a0)n
1 +
∑M
m=1 bm(a− a0)n
, (B.11)
where the truncation order is given by N and M , {cn, bm} are con-
stants coefficients and a0 is the point around which the EFT function
is expanded. Choosing a0 = 0 would select models exhibiting thawing
behaviors and a0 = 1 those having freezing behaviors. This modeling
describes well EFT functions which show a transition from one value
at small a to another at large a. This parameterization is used in some
of the Monte-Carlo exploration discussed in the review.
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• Taylor expansion: it is a Taylor polynomial expansion defined as follows
Fi(a) =
N∑
n=0
cn
n!
(a− a0)n , (B.12)
where N is the order at which the expansion is truncated, a0 is the
point around which the EFT function is expanded (selecting a0 = 0 or
a0 = 1 would give respectively thawing and freezing behaviors) and cn
is a set of constant coefficients. This parameterization is usually used
in the Monte-Carlo exploration and given cn coefficients with the same
prior distributions would favor the lower order terms.
• Polynomial expansion: this choice for the parameterization of the EFT
functions follows the Taylor expansion with the difference that the term
n! in the denominator is not present. Its form is given as follows
Fi(a) =
N∑
n=0
cn(a− a0)n , (B.13)
where N is the order at which the expansion is truncated, a0 is the
point around which the EFT function is expanded (selecting a0 = 0 or
a0 = 1 would give respectively thawing and freezing behaviors) and cn
are constant parameters. Differently from the Taylor expansion, in this
case the high order terms are not suppressed because the n! is absent.
The polynomial expansion is also used in some of the Monte-Carlo
exploration.
C. Constraints summary
We summarize the observational constraints and forecasts on the pure
EFT parameterizations discussed in Sections 4.1, 4.2 and 4.3 in Tables C.5,
C.6, C.7. They are organized according to the chosen parameterization mak-
ing the comparison among different data sets easier.
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Linear-de form eq. (B.2)
Basis EFT functions Constraints Dataset Ref.
α-basis
αM αM > −1.6 (*) CMB + H0 prior
95.4% C.L.
[75]
αM , αB
αK , c
2
t = 1
αˆM = 0.25
+0.19
−0.29
αˆB = 0.20
+0.20
−0.33
αˆK = 0 (fixed)
KiDS+GAMA
95% C.L.
[214]
cM = 0.20
+1.15
−0.82
cB = 0.63
+0.83
−0.62
cK = 0.1 (fixed)
CMB+BAO
+RSD+mPk
95%C.L.
[220]
αM , αB ,
αT , αK
−1.36 < cM < −0.06
0.19 < cB < 2.30
−0.90 < cT < −0.41
cK = 10(fixed)
CMB+BAO
+RSD+PK
95% C.L.
[205]
(αM , αB)× S( kkV ),
αK × S( kkV ),
c2t = 1,
see eq. (72)
aˆK = 0.056 (fixed)
σ(aˆM ) = 0.065
σ(aˆB) = 0.049
CMB+GC+CS
(forecasts)
[227]
aˆK = 0.01 (fixed)
aˆM = 126%
aˆB = 41%
CS:
3DWL linear
(forecasts)
[230]
aˆK = 0.01 (fixed)
aˆM = 158%
aˆB = 54%
CS:
tomography linear
(forecasts)
[230]
(αM , αB)× S( kkV ),
(αK , αT )× S( kkV ),
see eq. (72)
σ(cM ) = 0.056
σ(cB) = 0.123
σ(cK) = 3.1
σ(cT ) = 0.146
S4+LSST
+SKA1-IM+DESI
(forecasts)
[146]
αM , αB ,
β2γ (see eq.(73))
σ(αM,0) = 0.0146
σ(αB,0) = 0.0030
σ(β2γ) = 0.00135
GC+WL
ISW-Galaxy
(forecasts)
[228]
αM , αB , αK ,
αH , c
2
t = 1
−0.75 < αˆM < 3.75 (*)
0.2 < αˆB < 3 (*)
0.382 < αˆH < 2.457
αK (fixed)
CMB+BAO+RSD
95% C.L.
[145]
Table C.5: Summary of the cosmological constraints on the MG parameters discussed in
Sections 4.1, 4.2 and 4.3 for the α-basis and linear-de form eq. (B.2). We use the notation
adopted in the original papers. If not specified otherwise the background assumed is
ΛCDM. A (*) denotes ranges we estimated (by eye) from the marginalized contour plots
in the respective papers.
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Basis EFT functions Constraints Data sets Ref.
Constant form
α-basis M2, αB , αT
σ(M˜0) = 0.006
σ(αB0 ) = 0.02
σ(αT0 ) = 0.001
CMB-S4+DESI
(forecasts)
[70]
EFTCAMB basis Ω, γ2, γ3
σ(Ω0) = 0.01
σ(γ
(0)
2 ) = 0.05
σ(γ
(0)
3 ) = 0.003
CMB-S4+DESI
(forecasts)
[70]
early/late transition form eq. (B.10)
α-basis M2, αB , αT
σ(M˜early) = 0.05
σ(M˜late) = 0.007
σ(αBearly) = 0.04
σ(αBlate) = 0.08
σ(αTearly) = 0.02
σ(αTlate) = 0.002
CMB-S4+DESI
(forecasts)
[70]
EFTCAMB basis Ω
σ(Ωearly) = 0.03
σ(Ωlate) = 0.02
CMB-S4+DESI
(forecasts)
[70]
Scaling-a form eq. (B.5)
α-basis
αM = −αB
αM0 = −0.015+0.019−0.017
β = 0.66+0.44−0.21
Planck18+WL
+BAO/RSD
68%C.L.
[1]
αM , αB ,
αK , c
2
t = 1
cM = 0.27
+0.54
−0.26
cB = 0.48
+0.83
−0.46
cK = 0.1 (fixed)
CMB+BAO
+RSD+mPk
95%C.L.
[220]
EFTCAMB basis
Ω ΩEFT0 < 0.061
Planck13+WP
+BAO+Lensing
95%C.L.
[73]
Ω, CPL
Ω0 = −0.07+0.17−0.18
s0 > 0.435
CMB+BAO
+SNIa+WL
95% C.L.
[135]
2σ(Ω0) = 110%
2σ(s0) = 68%
GC+WL+CMB
(forecasts)
[135]
Ω, γ1, γ2
c2t = 1, CPL
Ω0 = 0.03
+0.31
−0.25
s0 > 0.215
γ01 > 0.217
γ02 = −0.9+1.3−2.0
s2 > 0.330
CMB+BAO
+SNIa+WL
95% C.L.
[135]
2σ(Ω0) = 128%
2σ(s0) = 96%
2σ(γ02) = 240%
2σ(s02) = 136%
γ01 = 5, s1 = 1.4 (fixed)
GC+WL+CMB
(forecasts)
[135]
Table C.6: The same as in Table C.5 for both the α and EFTCAMB basis and constant,
early/late transition form eq. (B.10) and scaling-a form eq. (B.5).
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Basis EFT functions Constraints Data sets Ref.
e-fold form eq. (B.7)
α-basis
αB = −2αM 0.055 < µ < 0.145 (*)
at = 0.5,τ = 1.5 (fixed)
RSD (DESI)
(forecast)
68% C.L.
[192]
αB = −2αM
CPL
−0.07995 < cM < 0.0
0.2615 < at < 1.0
0.8304 < τ < 2.19
CMB+BAO
+RSD+SNIa
95% C.L.
[207]
de-1 form eq. (B.3)
[85]
µ, µ3, 4
p1 = −0.28+0.17−0.20
p3 = 0.04± 0.17
p4 = −0.030+0.068−0.035
CMB
(Planck,WMAP)
68% C.L.
[112]
p1 = 0.10
+0.58
−0.37
p3 = 0.13
+0.28
−0.40
p4 = −0.18+0.28−0.13
p13 = 0.41
+0.39
−0.91
p14 = 0.03
+0.18
−0.11
CMB
(Planck,WMAP)
68% C.L.
[112]
µ1, µ
2
2, µ3, 4
p10 = −0.000+0.002−0.002
p11 = −0.127+0.095−0.096
p20 = 1.697
+2.933
−2.157
p21 = −0.926+5.852−5.990
p30 = 1.022
+0.930
−0.806
p31 = −1.447+1.510−1.812
fσ8 + f + σ8 + G˙N
95% C.L.
[174]
de-density form eq. (B.6)
EFTCAMB basis
Ω, CPL
Ω0 = −0.018+0.032−0.019
CMB+BAO
+SNIa+WL
95% C.L.
[135]
2σ(Ω0) = 22%
GC+WL+CMB
(forecasts)
[135]
Ω, γ1, γ2
c2t = 1,
CPL
Ω0 = 0.047
+0.068
−0.051
γ01 > 0.295
γ02 = −0.23+0.26−0.32
CMB+BAO
+SNIa+WL
95% C.L.
[135]
2σ(Ω0) = 48%
2σ(γ02) = 40%
γ01 = 4.4 (fixed)
GC+WL+CMB
(forecasts)
[135]
Table C.7: The same as in Table C.5 for the e-fold form eq. (B.7), de-1 form eq. (B.3),
de-density form eq. (B.6).
107
References
References
[1] N. Aghanim, et al., Planck 2018 results. VI. Cosmological parameters
(2018). arXiv:1807.06209.
[2] M. A. Troxel, et al., Dark Energy Survey Year 1 results: Cosmologi-
cal constraints from cosmic shear, Phys. Rev. D98 (4) (2018) 043528.
arXiv:1708.01538, doi:10.1103/PhysRevD.98.043528.
[3] S. Weinberg, The Cosmological Constant Problem, Rev. Mod. Phys.
61 (1989) 1–23, [,569(1988)]. doi:10.1103/RevModPhys.61.1.
[4] J. Martin, Everything You Always Wanted To Know About The Cos-
mological Constant Problem (But Were Afraid To Ask), Comptes Ren-
dus Physique 13 (2012) 566–665. arXiv:1205.3365, doi:10.1016/j.
crhy.2012.04.008.
[5] A. Joyce, B. Jain, J. Khoury, M. Trodden, Beyond the Cosmological
Standard Model, Phys. Rept. 568 (2015) 1–98. arXiv:1407.0059, doi:
10.1016/j.physrep.2014.12.002.
[6] R. Adam, et al., Planck 2015 results. I. Overview of products and sci-
entific results, Astron. Astrophys. 594 (2016) A1. arXiv:1502.01582,
doi:10.1051/0004-6361/201527101.
[7] A. G. Riess, L. Macri, S. Casertano, H. Lampeitl, H. C. Ferguson, A. V.
Filippenko, S. W. Jha, W. Li, R. Chornock, A 3% Solution: Determi-
nation of the Hubble Constant with the Hubble Space Telescope and
Wide Field Camera 3, Astrophys. J. 730 (2011) 119, [Erratum: Astro-
phys. J.732,129(2011)]. arXiv:1103.2976, doi:10.1088/0004-637X/
732/2/129,10.1088/0004-637X/730/2/119.
[8] A. G. Riess, et al., A 2.4% Determination of the Local Value of the
Hubble Constant, Astrophys. J. 826 (1) (2016) 56. arXiv:1604.01424,
doi:10.3847/0004-637X/826/1/56.
[9] A. G. Riess, S. Casertano, W. Yuan, L. M. Macri, D. Scolnic, Large
Magellanic Cloud Cepheid Standards Provide a 1% Foundation for
the Determination of the Hubble Constant and Stronger Evidence
108
for Physics beyond ΛCDM, Astrophys. J. 876 (1) (2019) 85. arXiv:
1903.07603, doi:10.3847/1538-4357/ab1422.
[10] K. S. Dawson, et al., The Baryon Oscillation Spectroscopic Survey of
SDSS-III, Astron. J. 145 (2013) 10. arXiv:1208.0022, doi:10.1088/
0004-6256/145/1/10.
[11] K. N. Abazajian, et al., The Seventh Data Release of the Sloan Digital
Sky Survey, Astrophys. J. Suppl. 182 (2009) 543–558. arXiv:0812.
0649, doi:10.1088/0067-0049/182/2/543.
[12] T. Delubac, et al., Baryon acoustic oscillations in the Lyα forest of
BOSS DR11 quasars, Astron. Astrophys. 574 (2015) A59. arXiv:1404.
1801, doi:10.1051/0004-6361/201423969.
[13] J. T. A. de Jong, et al., The first and second data releases of the
Kilo-Degree Survey, Astron. Astrophys. 582 (2015) A62. arXiv:1507.
00742, doi:10.1051/0004-6361/201526601.
[14] H. Hildebrandt, et al., KiDS-450: Cosmological parameter constraints
from tomographic weak gravitational lensing, Mon. Not. Roy. As-
tron. Soc. 465 (2017) 1454. arXiv:1606.05338, doi:10.1093/mnras/
stw2805.
[15] K. Kuijken, et al., Gravitational Lensing Analysis of the Kilo Degree
Survey, Mon. Not. Roy. Astron. Soc. 454 (4) (2015) 3500–3532. arXiv:
1507.00738, doi:10.1093/mnras/stv2140.
[16] I. Fenech Conti, R. Herbonnet, H. Hoekstra, J. Merten, L. Miller,
M. Viola, Calibration of weak-lensing shear in the Kilo-Degree Sur-
vey, Mon. Not. Roy. Astron. Soc. 467 (2) (2017) 1627–1651. arXiv:
1606.05337, doi:10.1093/mnras/stx200.
[17] S. Joudaki, et al., KiDS+VIKING-450 and DES-Y1 combined: Cos-
mology with cosmic shear (2019). arXiv:1906.09262.
[18] D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys.
12 (1971) 498–501. doi:10.1063/1.1665613.
[19] D. Lovelock, The four-dimensionality of space and the einstein tensor,
J. Math. Phys. 13 (1972) 874–876. doi:10.1063/1.1666069.
109
[20] A. Lue, R. Scoccimarro, G. D. Starkman, Probing Newton’s con-
stant on vast scales: DGP gravity, cosmic acceleration and large scale
structure, Phys. Rev. D69 (2004) 124015. arXiv:astro-ph/0401515,
doi:10.1103/PhysRevD.69.124015.
[21] E. J. Copeland, M. Sami, S. Tsujikawa, Dynamics of dark energy,
Int. J. Mod. Phys. D15 (2006) 1753–1936. arXiv:hep-th/0603057,
doi:10.1142/S021827180600942X.
[22] A. Silvestri, M. Trodden, Approaches to Understanding Cosmic Ac-
celeration, Rept. Prog. Phys. 72 (2009) 096901. arXiv:0904.0024,
doi:10.1088/0034-4885/72/9/096901.
[23] S. Nojiri, S. D. Odintsov, Unified cosmic history in modified gravity:
from F(R) theory to Lorentz non-invariant models, Phys. Rept. 505
(2011) 59–144. arXiv:1011.0544, doi:10.1016/j.physrep.2011.
04.001.
[24] S. Tsujikawa, Modified gravity models of dark energy, Lect.
Notes Phys. 800 (2010) 99–145. arXiv:1101.0191, doi:10.1007/
978-3-642-10598-2\_3.
[25] S. Capozziello, M. De Laurentis, Extended Theories of Gravity,
Phys. Rept. 509 (2011) 167–321. arXiv:1108.6266, doi:10.1016/
j.physrep.2011.09.003.
[26] T. Clifton, P. G. Ferreira, A. Padilla, C. Skordis, Modified Gravity
and Cosmology, Phys. Rept. 513 (2012) 1–189. arXiv:1106.2476,
doi:10.1016/j.physrep.2012.01.001.
[27] K. Bamba, S. Capozziello, S. Nojiri, S. D. Odintsov, Dark energy
cosmology: the equivalent description via different theoretical mod-
els and cosmography tests, Astrophys. Space Sci. 342 (2012) 155–228.
arXiv:1205.3421, doi:10.1007/s10509-012-1181-8.
[28] K. Koyama, Cosmological Tests of Modified Gravity, Rept. Prog. Phys.
79 (4) (2016) 046902. arXiv:1504.04623, doi:10.1088/0034-4885/
79/4/046902.
[29] P. Avelino, et al., Unveiling the Dynamics of the Universe, Symmetry
8 (8) (2016) 70. arXiv:1607.02979, doi:10.3390/sym8080070.
110
[30] A. Joyce, L. Lombriser, F. Schmidt, Dark Energy Versus Modified
Gravity, Ann. Rev. Nucl. Part. Sci. 66 (2016) 95–122. arXiv:1601.
06133, doi:10.1146/annurev-nucl-102115-044553.
[31] S. Nojiri, S. D. Odintsov, V. K. Oikonomou, Modified Gravity Theories
on a Nutshell: Inflation, Bounce and Late-time Evolution, Phys. Rept.
692 (2017) 1–104. arXiv:1705.11098, doi:10.1016/j.physrep.
2017.06.001.
[32] P. G. Ferreira, Cosmological Tests of Gravity, Ann. Rev. Astron.
Astrophys. 57 (2019) 335–374. arXiv:1902.10503, doi:10.1146/
annurev-astro-091918-104423.
[33] T. Kobayashi, Horndeski theory and beyond: a review, Rept. Prog.
Phys. 82 (8) (2019) 086901. arXiv:1901.07183, doi:10.1088/
1361-6633/ab2429.
[34] G. W. Horndeski, Second-order scalar-tensor field equations in a four-
dimensional space, Int. J. Theor. Phys. 10 (1974) 363–384. doi:10.
1007/BF01807638.
[35] Y. Fujii, K. Maeda, The scalar-tensor theory of gravitation, Cambridge
Monographs on Mathematical Physics, Cambridge University Press,
2007. doi:10.1017/CBO9780511535093.
URL http://www.cambridge.org/uk/catalogue/catalogue.asp?
isbn=0521811597
[36] C. Deffayet, S. Deser, G. Esposito-Farese, Generalized Galileons: All
scalar models whose curved background extensions maintain second-
order field equations and stress-tensors, Phys. Rev. D80 (2009) 064015.
arXiv:0906.1967, doi:10.1103/PhysRevD.80.064015.
[37] J. Gleyzes, D. Langlois, F. Piazza, F. Vernizzi, Healthy theories beyond
Horndeski, Phys. Rev. Lett. 114 (21) (2015) 211101. arXiv:1404.6495,
doi:10.1103/PhysRevLett.114.211101.
[38] D. Langlois, K. Noui, Degenerate higher derivative theories beyond
Horndeski: evading the Ostrogradski instability, JCAP 1602 (02)
(2016) 034. arXiv:1510.06930, doi:10.1088/1475-7516/2016/02/
034.
111
[39] F. Piazza, F. Vernizzi, Effective Field Theory of Cosmological Per-
turbations, Class. Quant. Grav. 30 (2013) 214007. arXiv:1307.4350,
doi:10.1088/0264-9381/30/21/214007.
[40] P. Creminelli, M. A. Luty, A. Nicolis, L. Senatore, Starting the
Universe: Stable Violation of the Null Energy Condition and Non-
standard Cosmologies, JHEP 12 (2006) 080. arXiv:hep-th/0606090,
doi:10.1088/1126-6708/2006/12/080.
[41] C. Cheung, P. Creminelli, A. L. Fitzpatrick, J. Kaplan, L. Senatore,
The Effective Field Theory of Inflation, JHEP 03 (2008) 014. arXiv:
0709.0293, doi:10.1088/1126-6708/2008/03/014.
[42] L. Bordin, G. Cabass, P. Creminelli, F. Vernizzi, Simplifying the
EFT of Inflation: generalized disformal transformations and redun-
dant couplings, JCAP 1709 (09) (2017) 043. arXiv:1706.03758,
doi:10.1088/1475-7516/2017/09/043.
[43] P. Creminelli, G. D’Amico, J. Norena, F. Vernizzi, The Effective The-
ory of Quintessence: the w < −1 Side Unveiled, JCAP 0902 (2009)
018. arXiv:0811.0827, doi:10.1088/1475-7516/2009/02/018.
[44] G. Gubitosi, F. Piazza, F. Vernizzi, The Effective Field Theory of Dark
Energy, JCAP 1302 (2013) 032, [JCAP1302,032(2013)]. arXiv:1210.
0201, doi:10.1088/1475-7516/2013/02/032.
[45] J. K. Bloomfield, E. E. Flanagan, M. Park, S. Watson, Dark energy
or modified gravity? An effective field theory approach, JCAP 1308
(2013) 010. arXiv:1211.7054, doi:10.1088/1475-7516/2013/08/
010.
[46] J. Gleyzes, D. Langlois, F. Piazza, F. Vernizzi, Essential Building
Blocks of Dark Energy, JCAP 1308 (2013) 025. arXiv:1304.4840,
doi:10.1088/1475-7516/2013/08/025.
[47] J. Bloomfield, A Simplified Approach to General Scalar-Tensor The-
ories, JCAP 1312 (2013) 044. arXiv:1304.6712, doi:10.1088/
1475-7516/2013/12/044.
[48] N. Frusciante, M. Raveri, D. Vernieri, B. Hu, A. Silvestri, Horˇava
Gravity in the Effective Field Theory formalism: From cosmology to
112
observational constraints, Phys. Dark Univ. 13 (2016) 7–24. arXiv:
1508.01787, doi:10.1016/j.dark.2016.03.002.
[49] P. Horava, Membranes at Quantum Criticality, JHEP 03 (2009) 020.
arXiv:0812.4287, doi:10.1088/1126-6708/2009/03/020.
[50] M. Ostrogradsky, Memoires sur les equations differentielles, relatives au
probleme des isoperimetres, Mem. Acad. St. Petersbourg 6 (4) (1850)
385–517.
[51] M. Crisostomi, K. Koyama, G. Tasinato, Extended Scalar-Tensor The-
ories of Gravity, JCAP 1604 (04) (2016) 044. arXiv:1602.03119,
doi:10.1088/1475-7516/2016/04/044.
[52] M. Crisostomi, M. Hull, K. Koyama, G. Tasinato, Horndeski: beyond,
or not beyond?, JCAP 1603 (03) (2016) 038. arXiv:1601.04658, doi:
10.1088/1475-7516/2016/03/038.
[53] J. Ben Achour, D. Langlois, K. Noui, Degenerate higher order scalar-
tensor theories beyond Horndeski and disformal transformations, Phys.
Rev. D93 (12) (2016) 124005. arXiv:1602.08398, doi:10.1103/
PhysRevD.93.124005.
[54] D. Langlois, M. Mancarella, K. Noui, F. Vernizzi, Effective Description
of Higher-Order Scalar-Tensor Theories, JCAP 1705 (05) (2017) 033.
arXiv:1703.03797, doi:10.1088/1475-7516/2017/05/033.
[55] D. Langlois, M. Mancarella, K. Noui, F. Vernizzi, Mimetic gravity as
DHOST theories, JCAP 1902 (2019) 036. arXiv:1802.03394, doi:
10.1088/1475-7516/2019/02/036.
[56] M. Lagos, T. Baker, P. G. Ferreira, J. Noller, A general theory of
linear cosmological perturbations: scalar-tensor and vector-tensor the-
ories, JCAP 1608 (08) (2016) 007. arXiv:1604.01396, doi:10.1088/
1475-7516/2016/08/007.
[57] M. Lagos, E. Bellini, J. Noller, P. G. Ferreira, T. Baker, A general
theory of linear cosmological perturbations: stability conditions, the
quasistatic limit and dynamics, JCAP 1803 (03) (2018) 021. arXiv:
1711.09893, doi:10.1088/1475-7516/2018/03/021.
113
[58] L. Heisenberg, Generalization of the Proca Action, JCAP 1405 (2014)
015. arXiv:1402.7026, doi:10.1088/1475-7516/2014/05/015.
[59] T. Jacobson, D. Mattingly, Gravity with a dynamical preferred frame,
Phys. Rev. D64 (2001) 024028. arXiv:gr-qc/0007031, doi:10.1103/
PhysRevD.64.024028.
[60] S. F. Hassan, R. A. Rosen, Bimetric Gravity from Ghost-free Mas-
sive Gravity, JHEP 02 (2012) 126. arXiv:1109.3515, doi:10.1007/
JHEP02(2012)126.
[61] E. Bellini, R. Jimenez, L. Verde, Signatures of Horndeski gravity on
the Dark Matter Bispectrum, JCAP 1505 (05) (2015) 057. arXiv:
1504.04341, doi:10.1088/1475-7516/2015/05/057.
[62] N. Frusciante, G. Papadomanolakis, Tackling non-linearities with the
effective field theory of dark energy and modified gravity, JCAP
1712 (12) (2017) 014. arXiv:1706.02719, doi:10.1088/1475-7516/
2017/12/014.
[63] D. Yamauchi, S. Yokoyama, H. Tashiro, Constraining modified theories
of gravity with the galaxy bispectrum, Phys. Rev. D96 (12) (2017)
123516. arXiv:1709.03243, doi:10.1103/PhysRevD.96.123516.
[64] G. Cusin, M. Lewandowski, F. Vernizzi, Nonlinear Effective Theory of
Dark Energy, JCAP 1804 (04) (2018) 061. arXiv:1712.02782, doi:
10.1088/1475-7516/2018/04/061.
[65] G. Cusin, M. Lewandowski, F. Vernizzi, Dark Energy and Modified
Gravity in the Effective Field Theory of Large-Scale Structure, JCAP
1804 (04) (2018) 005. arXiv:1712.02783, doi:10.1088/1475-7516/
2018/04/005.
[66] J. Kennedy, L. Lombriser, A. Taylor, Screening and degenerate kinetic
self-acceleration from the nonlinear freedom of reconstructed Horndeski
theories, Phys. Rev. D 100 (4) (2019) 044034. arXiv:1902.09853,
doi:10.1103/PhysRevD.100.044034.
[67] R. Laureijs, et al., Euclid Definition Study Report (2011). arXiv:
1110.3193.
114
[68] A. Aghamousa, et al., The DESI Experiment Part I: Science,Targeting,
and Survey Design (2016). arXiv:1611.00036.
[69] D. J. Bacon, et al., Cosmology with Phase 1 of the Square Kilometre
Array: Red Book 2018: Technical specifications and performance fore-
casts, Publ. Astron. Soc. Austral. 37 (2020) e007. arXiv:1811.02743,
doi:10.1017/pasa.2019.51.
[70] K. N. Abazajian, et al., CMB-S4 Science Book, First Edition (2016).
arXiv:1610.02743.
[71] P. A. Abell, et al., LSST Science Book, Version 2.0 (2009). arXiv:
0912.0201.
[72] B. Hu, M. Raveri, N. Frusciante, A. Silvestri, Effective Field The-
ory of Cosmic Acceleration: an implementation in CAMB, Phys. Rev.
D89 (10) (2014) 103530. arXiv:1312.5742, doi:10.1103/PhysRevD.
89.103530.
[73] M. Raveri, B. Hu, N. Frusciante, A. Silvestri, Effective Field Theory
of Cosmic Acceleration: constraining dark energy with CMB data,
Phys. Rev. D90 (4) (2014) 043513. arXiv:1405.1022, doi:10.1103/
PhysRevD.90.043513.
[74] M. Zumalaca´rregui, E. Bellini, I. Sawicki, J. Lesgourgues, P. G. Fer-
reira, hi class: Horndeski in the Cosmic Linear Anisotropy Solv-
ing System, JCAP 1708 (08) (2017) 019. arXiv:1605.06102, doi:
10.1088/1475-7516/2017/08/019.
[75] Z. Huang, Observational effects of a running Planck mass, Phys. Rev.
D93 (4) (2016) 043538. arXiv:1511.02808, doi:10.1103/PhysRevD.
93.043538.
[76] F. Pace, R. A. Battye, B. Bolliet, D. Trinh, Dark sector evolution in
Horndeski models, JCAP 09 (2019) 018. arXiv:1905.06795, doi:
10.1088/1475-7516/2019/09/018.
[77] H. Kodama, M. Sasaki, Cosmological Perturbation Theory, Prog.
Theor. Phys. Suppl. 78 (1984) 1–166. doi:10.1143/PTPS.78.1.
115
[78] N. Frusciante, G. Papadomanolakis, A. Silvestri, An Extended action
for the effective field theory of dark energy: a stability analysis and
a complete guide to the mapping at the basis of EFTCAMB, JCAP
1607 (07) (2016) 018. arXiv:1601.04064, doi:10.1088/1475-7516/
2016/07/018.
[79] J. Gleyzes, D. Langlois, M. Mancarella, F. Vernizzi, Effective Theory
of Interacting Dark Energy, JCAP 1508 (08) (2015) 054. arXiv:1504.
05481, doi:10.1088/1475-7516/2015/08/054.
[80] J. Gleyzes, D. Langlois, F. Piazza, F. Vernizzi, Exploring gravitational
theories beyond Horndeski, JCAP 1502 (2015) 018. arXiv:1408.1952,
doi:10.1088/1475-7516/2015/02/018.
[81] S. Tsujikawa, Cosmological disformal transformations to the Ein-
stein frame and gravitational couplings with matter perturbations,
Phys. Rev. D92 (6) (2015) 064047. arXiv:1506.08561, doi:10.1103/
PhysRevD.92.064047.
[82] G. D’Amico, Z. Huang, M. Mancarella, F. Vernizzi, Weakening Gravity
on Redshift-Survey Scales with Kinetic Matter Mixing, JCAP 1702
(2017) 014. arXiv:1609.01272, doi:10.1088/1475-7516/2017/02/
014.
[83] J. K. Bloomfield, E. E. Flanagan, A Class of Effective Field Theory
Models of Cosmic Acceleration, JCAP 1210 (2012) 039. arXiv:1112.
0303, doi:10.1088/1475-7516/2012/10/039.
[84] M. A. Luty, M. Porrati, R. Rattazzi, Strong interactions and stability
in the DGP model, JHEP 09 (2003) 029. arXiv:hep-th/0303116,
doi:10.1088/1126-6708/2003/09/029.
[85] F. Piazza, H. Steigerwald, C. Marinoni, Phenomenology of dark en-
ergy: exploring the space of theories with future redshift surveys, JCAP
1405 (2014) 043. arXiv:1312.6111, doi:10.1088/1475-7516/2014/
05/043.
[86] B. Hu, M. Raveri, N. Frusciante, A. Silvestri, EFT-
CAMB/EFTCosmoMC: Numerical Notes v3.0 (2014). arXiv:
1405.3590.
116
[87] S. Tsujikawa, The effective field theory of inflation/dark energy and
the Horndeski theory, Lect. Notes Phys. 892 (2015) 97–136. arXiv:
1404.2684, doi:10.1007/978-3-319-10070-8_4.
[88] R. Kase, S. Tsujikawa, Effective field theory approach to modified
gravity including Horndeski theory and Horˇava–Lifshitz gravity, Int.
J. Mod. Phys. D23 (13) (2015) 1443008. arXiv:1409.1984, doi:
10.1142/S0218271814430081.
[89] D. Blas, O. Pujolas, S. Sibiryakov, Consistent Extension of Horava
Gravity, Phys. Rev. Lett. 104 (2010) 181302. arXiv:0909.3525, doi:
10.1103/PhysRevLett.104.181302.
[90] D. Langlois, Dark energy and modified gravity in degenerate higher-
order scalar–tensor (DHOST) theories: A review, Int. J. Mod.
Phys. D28 (05) (2019) 1942006. arXiv:1811.06271, doi:10.1142/
S0218271819420069.
[91] C. Wetterich, Cosmology and the Fate of Dilatation Symmetry,
Nucl. Phys. B302 (1988) 668–696. arXiv:1711.03844, doi:10.1016/
0550-3213(88)90193-9.
[92] B. Ratra, P. J. E. Peebles, Cosmological Consequences of a Rolling
Homogeneous Scalar Field, Phys. Rev. D37 (1988) 3406. doi:10.1103/
PhysRevD.37.3406.
[93] R. R. Caldwell, R. Dave, P. J. Steinhardt, Cosmological imprint
of an energy component with general equation of state, Phys. Rev.
Lett. 80 (1998) 1582–1585. arXiv:astro-ph/9708069, doi:10.1103/
PhysRevLett.80.1582.
[94] C. Armendariz-Picon, V. F. Mukhanov, P. J. Steinhardt, A Dynamical
solution to the problem of a small cosmological constant and late time
cosmic acceleration, Phys. Rev. Lett. 85 (2000) 4438–4441. arXiv:
astro-ph/0004134, doi:10.1103/PhysRevLett.85.4438.
[95] C. Brans, R. H. Dicke, Mach’s principle and a relativistic theory
of gravitation, Phys. Rev. 124 (1961) 925–935, [,142(1961)]. doi:
10.1103/PhysRev.124.925.
117
[96] B. Boisseau, G. Esposito-Farese, D. Polarski, A. A. Starobinsky, Re-
construction of a scalar tensor theory of gravity in an accelerating
universe, Phys. Rev. Lett. 85 (2000) 2236. arXiv:gr-qc/0001066,
doi:10.1103/PhysRevLett.85.2236.
[97] T. P. Sotiriou, V. Faraoni, f(R) Theories Of Gravity, Rev. Mod. Phys.
82 (2010) 451–497. arXiv:0805.1726, doi:10.1103/RevModPhys.82.
451.
[98] A. De Felice, S. Tsujikawa, f(R) theories, Living Rev. Rel. 13 (2010) 3.
arXiv:1002.4928, doi:10.12942/lrr-2010-3.
[99] C. Deffayet, O. Pujolas, I. Sawicki, A. Vikman, Imperfect Dark Energy
from Kinetic Gravity Braiding, JCAP 1010 (2010) 026. arXiv:1008.
0048, doi:10.1088/1475-7516/2010/10/026.
[100] G. R. Dvali, G. Gabadadze, M. Porrati, 4-D gravity on a brane in 5-D
Minkowski space, Phys. Lett. B485 (2000) 208–214. arXiv:hep-th/
0005016, doi:10.1016/S0370-2693(00)00669-9.
[101] S. Nojiri, S. D. Odintsov, Modified Gauss-Bonnet theory as grav-
itational alternative for dark energy, Phys. Lett. B631 (2005) 1–6.
arXiv:hep-th/0508049, doi:10.1016/j.physletb.2005.10.010.
[102] A. Nicolis, R. Rattazzi, E. Trincherini, The Galileon as a local modi-
fication of gravity, Phys. Rev. D79 (2009) 064036. arXiv:0811.2197,
doi:10.1103/PhysRevD.79.064036.
[103] C. Deffayet, G. Esposito-Farese, A. Vikman, Covariant Galileon, Phys.
Rev. D79 (2009) 084003. arXiv:0901.1314, doi:10.1103/PhysRevD.
79.084003.
[104] J. Gleyzes, D. Langlois, F. Vernizzi, A unifying description of dark
energy, Int. J. Mod. Phys. D23 (13) (2015) 1443010. arXiv:1411.3712,
doi:10.1142/S021827181443010X.
[105] N. Frusciante, M. Raveri, A. Silvestri, Effective Field Theory of Dark
Energy: a Dynamical Analysis, JCAP 1402 (2014) 026. arXiv:1310.
6026, doi:10.1088/1475-7516/2014/02/026.
118
[106] M. Raveri, P. Bull, A. Silvestri, L. Pogosian, Priors on the effective
Dark Energy equation of state in scalar-tensor theories, Phys. Rev.
D96 (8) (2017) 083509. arXiv:1703.05297, doi:10.1103/PhysRevD.
96.083509.
[107] J. Espejo, S. Peirone, M. Raveri, K. Koyama, L. Pogosian, A. Sil-
vestri, Phenomenology of Large Scale Structure in scalar-tensor theo-
ries: joint prior covariance of wDE, Σ and µ in Horndeski, Phys. Rev.
D99 (2) (2019) 023512. arXiv:1809.01121, doi:10.1103/PhysRevD.
99.023512.
[108] R. L. Arnowitt, S. Deser, C. W. Misner, Dynamical Structure and
Definition of Energy in General Relativity, Phys. Rev. 116 (1959) 1322–
1330. doi:10.1103/PhysRev.116.1322.
[109] E. Gourgoulhon, 3+1 formalism and bases of numerical relativity
(2007). arXiv:gr-qc/0703035.
[110] F. Sbisa`, Classical and quantum ghosts, Eur. J. Phys. 36 (2015) 015009.
arXiv:1406.4550, doi:10.1088/0143-0807/36/1/015009.
[111] G.-B. Zhao, L. Pogosian, A. Silvestri, J. Zylberberg, Searching for mod-
ified growth patterns with tomographic surveys, Phys. Rev. D79 (2009)
083513. arXiv:0809.3791, doi:10.1103/PhysRevD.79.083513.
[112] V. Salvatelli, F. Piazza, C. Marinoni, Constraints on modified grav-
ity from Planck 2015: when the health of your theory makes the
difference, JCAP 1609 (09) (2016) 027. arXiv:1602.08283, doi:
10.1088/1475-7516/2016/09/027.
[113] S. Peirone, M. Martinelli, M. Raveri, A. Silvestri, Impact of theoretical
priors in cosmological analyses: the case of single field quintessence,
Phys. Rev. D96 (6) (2017) 063524. arXiv:1702.06526, doi:10.1103/
PhysRevD.96.063524.
[114] R. J. Scherrer, Purely kinetic k-essence as unified dark matter, Phys.
Rev. Lett. 93 (2004) 011301. arXiv:astro-ph/0402316, doi:10.
1103/PhysRevLett.93.011301.
119
[115] D. Bertacca, S. Matarrese, M. Pietroni, Unified Dark Matter in Scalar
Field Cosmologies, Mod. Phys. Lett. A22 (2007) 2893–2907. arXiv:
astro-ph/0703259, doi:10.1142/S0217732307025893.
[116] D. Bertacca, N. Bartolo, ISW effect in Unified Dark Matter Scalar
Field Cosmologies: An analytical approach, JCAP 0711 (2007) 026.
arXiv:0707.4247, doi:10.1088/1475-7516/2007/11/026.
[117] L. A. Gergely, S. Tsujikawa, Effective field theory of modified grav-
ity with two scalar fields: dark energy and dark matter, Phys. Rev.
D89 (6) (2014) 064059. arXiv:1402.0553, doi:10.1103/PhysRevD.
89.064059.
[118] A. De Felice, N. Frusciante, G. Papadomanolakis, On the stability
conditions for theories of modified gravity in the presence of matter
fields, JCAP 1703 (03) (2017) 027. arXiv:1609.03599, doi:10.1088/
1475-7516/2017/03/027.
[119] R. Kase, S. Tsujikawa, Cosmology in generalized Horndeski theories
with second-order equations of motion, Phys. Rev. D90 (2014) 044073.
arXiv:1407.0794, doi:10.1103/PhysRevD.90.044073.
[120] A. De Felice, S. Mukohyama, Phenomenology in minimal theory of
massive gravity, JCAP 1604 (04) (2016) 028. arXiv:1512.04008, doi:
10.1088/1475-7516/2016/04/028.
[121] B. F. Schutz, R. Sorkin, Variational aspects of relativistic field theories,
with application to perfect fluids, Annals Phys. 107 (1977) 1–43. doi:
10.1016/0003-4916(77)90200-7.
[122] J. D. Brown, Action functionals for relativistic perfect fluids, Class.
Quant. Grav. 10 (1993) 1579–1606. arXiv:gr-qc/9304026, doi:10.
1088/0264-9381/10/8/017.
[123] A. De Felice, S. Tsujikawa, Conditions for the cosmological viabil-
ity of the most general scalar-tensor theories and their applications
to extended Galileon dark energy models, JCAP 1202 (2012) 007.
arXiv:1110.3878, doi:10.1088/1475-7516/2012/02/007.
120
[124] J. M. Cline, S. Jeon, G. D. Moore, The Phantom menaced: Constraints
on low-energy effective ghosts, Phys. Rev. D70 (2004) 043543. arXiv:
hep-ph/0311312, doi:10.1103/PhysRevD.70.043543.
[125] S. M. Carroll, M. Hoffman, M. Trodden, Can the dark energy equation
- of - state parameter w be less than -1?, Phys. Rev. D68 (2003) 023509.
arXiv:astro-ph/0301273, doi:10.1103/PhysRevD.68.023509.
[126] A. E. Gumrukcuoglu, S. Mukohyama, T. P. Sotiriou, Low energy ghosts
and the Jeans? instability, Phys. Rev. D94 (6) (2016) 064001. arXiv:
1606.00618, doi:10.1103/PhysRevD.94.064001.
[127] A. De Felice, N. Frusciante, G. Papadomanolakis, de Sitter limit
analysis for dark energy and modified gravity models, Phys. Rev.
D96 (2) (2017) 024060. arXiv:1705.01960, doi:10.1103/PhysRevD.
96.024060.
[128] E. Bellini, I. Sawicki, Maximal freedom at minimum cost: linear large-
scale structure in general modifications of gravity, JCAP 1407 (2014)
050. arXiv:1404.3713, doi:10.1088/1475-7516/2014/07/050.
[129] L. Amendola, et al., Cosmology and fundamental physics with the Eu-
clid satellite, Living Rev. Rel. 21 (1) (2018) 2. arXiv:1606.00180,
doi:10.1007/s41114-017-0010-3.
[130] L. Hui, A. Nicolis, C. Stubbs, Equivalence Principle Implications of
Modified Gravity Models, Phys. Rev. D80 (2009) 104002. arXiv:0905.
2966, doi:10.1103/PhysRevD.80.104002.
[131] P. Creminelli, J. Gleyzes, L. Hui, M. Simonovic, F. Vernizzi, Single-
Field Consistency Relations of Large Scale Structure. Part III: Test of
the Equivalence Principle, JCAP 1406 (2014) 009. arXiv:1312.6074,
doi:10.1088/1475-7516/2014/06/009.
[132] M. Zumalace´rregui, J. Garc´ıa-Bellido, Transforming gravity: from
derivative couplings to matter to second-order scalar-tensor theories
beyond the Horndeski Lagrangian, Phys. Rev. D89 (2014) 064046.
arXiv:1308.4685, doi:10.1103/PhysRevD.89.064046.
121
[133] D. Bettoni, S. Liberati, Disformal invariance of second order scalar-
tensor theories: Framing the Horndeski action, Phys. Rev. D88 (2013)
084020. arXiv:1306.6724, doi:10.1103/PhysRevD.88.084020.
[134] I. Sawicki, E. Bellini, Limits of quasistatic approximation in modified-
gravity cosmologies, Phys. Rev. D92 (8) (2015) 084061. arXiv:1503.
06831, doi:10.1103/PhysRevD.92.084061.
[135] N. Frusciante, S. Peirone, S. Casas, N. A. Lima, Cosmology of surviving
Horndeski theory: The road ahead, Phys. Rev. D99 (6) (2019) 063538.
arXiv:1810.10521, doi:10.1103/PhysRevD.99.063538.
[136] S. Peirone, K. Koyama, L. Pogosian, M. Raveri, A. Silvestri, Large-
scale structure phenomenology of viable Horndeski theories, Phys. Rev.
D97 (4) (2018) 043519. arXiv:1712.00444, doi:10.1103/PhysRevD.
97.043519.
[137] E. Bellini, et al., Comparison of Einstein-Boltzmann solvers for testing
general relativity, Phys. Rev. D97 (2) (2018) 023520. arXiv:1709.
09135, doi:10.1103/PhysRevD.97.023520.
[138] A. Lewis, A. Challinor, A. Lasenby, Efficient computation of CMB
anisotropies in closed FRW models, Astrophys. J. 538 (2000) 473–476.
arXiv:astro-ph/9911177, doi:10.1086/309179.
[139] B. Hu, M. Raveri, M. Rizzato, A. Silvestri, Testing Hu–Sawicki f(R)
gravity with the effective field theory approach, Mon. Not. Roy. As-
tron. Soc. 459 (4) (2016) 3880–3889. arXiv:1601.07536, doi:10.
1093/mnras/stw775.
[140] S. Peirone, N. Frusciante, B. Hu, M. Raveri, A. Silvestri, Do current
cosmological observations rule out all Covariant Galileons?, Phys. Rev.
D97 (6) (2018) 063518. arXiv:1711.04760, doi:10.1103/PhysRevD.
97.063518.
[141] G. Benevento, M. Raveri, A. Lazanu, N. Bartolo, M. Liguori, P. Brax,
P. Valageas, K-mouflage Imprints on Cosmological Observables and
Data Constraints, JCAP 1905 (05) (2019) 027. arXiv:1809.09958,
doi:10.1088/1475-7516/2019/05/027.
122
[142] S. Peirone, G. Benevento, N. Frusciante, S. Tsujikawa, Cosmologi-
cal data favor Galileon ghost condensate over ΛCDM, Phys. Rev. D
100 (6) (2019) 063540. arXiv:1905.05166, doi:10.1103/PhysRevD.
100.063540.
[143] S. Peirone, G. Benevento, N. Frusciante, S. Tsujikawa, Cosmological
constraints and phenomenology of a beyond-Horndeski model, Phys.
Rev. D 100 (6) (2019) 063509. arXiv:1905.11364, doi:10.1103/
PhysRevD.100.063509.
[144] J. Lesgourgues, The Cosmic Linear Anisotropy Solving System
(CLASS) I: Overview (2011). arXiv:1104.2932.
[145] D. Traykova, E. Bellini, P. G. Ferreira, The phenomenology of beyond
Horndeski gravity, JCAP 08 (2019) 035. arXiv:1902.10687, doi:
10.1088/1475-7516/2019/08/035.
[146] D. Alonso, E. Bellini, P. G. Ferreira, M. Zumalacarregui, Observational
future of cosmological scalar-tensor theories, Phys. Rev. D95 (6) (2017)
063502. arXiv:1610.09290, doi:10.1103/PhysRevD.95.063502.
[147] J. Renk, M. Zumalacarregui, F. Montanari, A. Barreira, Galileon grav-
ity in light of ISW, CMB, BAO and H0 data, JCAP 1710 (10) (2017)
020. arXiv:1707.02263, doi:10.1088/1475-7516/2017/10/020.
[148] B. Audren, J. Lesgourgues, K. Benabed, S. Prunet, Conservative Con-
straints on Early Cosmology: an illustration of the Monte Python cos-
mological parameter inference code, JCAP 1302 (2013) 001. arXiv:
1210.7183, doi:10.1088/1475-7516/2013/02/001.
[149] T. Brinckmann, J. Lesgourgues, MontePython 3: boosted MCMC sam-
pler and other features, Phys. Dark Univ. 24 (2019) 100260. arXiv:
1804.07261, doi:10.1016/j.dark.2018.100260.
[150] R. A. Battye, J. A. Pearson, Parametrizing dark sector perturbations
via equations of state, Phys. Rev. D88 (6) (2013) 061301. arXiv:
1306.1175, doi:10.1103/PhysRevD.88.061301.
[151] R. A. Battye, B. Bolliet, J. A. Pearson, f(R) gravity as a dark energy
fluid, Phys. Rev. D93 (4) (2016) 044026.
123
[152] M. Crocce, S. Pueblas, R. Scoccimarro, Transients from Initial Con-
ditions in Cosmological Simulations, Mon. Not. Roy. Astron. Soc.
373 (2006) 369–381. arXiv:astro-ph/0606505, doi:10.1111/j.
1365-2966.2006.11040.x.
[153] W. Valkenburg, B. Hu, Initial conditions for cosmological N-body sim-
ulations of the scalar sector of theories of Newtonian, Relativistic and
Modified Gravity, JCAP 1509 (09) (2015) 054. arXiv:1505.05865,
doi:10.1088/1475-7516/2015/09/054.
[154] L. Pogosian, A. Silvestri, The pattern of growth in viable f(R)
cosmologies, Phys. Rev. D77 (2008) 023503, [Erratum: Phys.
Rev.D81,049901(2010)]. arXiv:0709.0296, doi:10.1103/PhysRevD.
77.023503,10.1103/PhysRevD.81.049901.
[155] L. Amendola, M. Kunz, D. Sapone, Measuring the dark side (with
weak lensing), JCAP 0804 (2008) 013. arXiv:0704.2421, doi:10.
1088/1475-7516/2008/04/013.
[156] R. Bean, M. Tangmatitham, Current constraints on the cosmic growth
history, Phys. Rev. D81 (2010) 083534. arXiv:1002.4197, doi:10.
1103/PhysRevD.81.083534.
[157] A. Silvestri, L. Pogosian, R. V. Buniy, Practical approach to cosmo-
logical perturbations in modified gravity, Phys. Rev. D87 (10) (2013)
104015. arXiv:1302.1193, doi:10.1103/PhysRevD.87.104015.
[158] L. Pogosian, A. Silvestri, K. Koyama, G.-B. Zhao, How to opti-
mally parametrize deviations from general relativity in the evolution
of cosmological perturbations, Phys. Rev. Lett. 81 (10) (2010) 104023.
arXiv:1002.2382, doi:10.1103/PhysRevD.81.104023.
[159] L. Amendola, D. Bettoni, A. M. Pinho, S. Casas, Measuring gravity
at cosmological scales, Universe 6 (2) (2020) 20. arXiv:1902.06978,
doi:10.3390/universe6020020.
[160] L. Pogosian, A. Silvestri, What can cosmology tell us about grav-
ity? Constraining Horndeski gravity with Σ and µ, Phys. Rev.
D94 (10) (2016) 104014. arXiv:1606.05339, doi:10.1103/PhysRevD.
94.104014.
124
[161] J. Khoury, A. Weltman, Chameleon fields: Awaiting surprises for
tests of gravity in space, Phys. Rev. Lett. 93 (2004) 171104. arXiv:
astro-ph/0309300, doi:10.1103/PhysRevLett.93.171104.
[162] J. Khoury, A. Weltman, Chameleon cosmology, Phys. Rev. D69
(2004) 044026. arXiv:astro-ph/0309411, doi:10.1103/PhysRevD.
69.044026.
[163] L. Perenon, F. Piazza, C. Marinoni, L. Hui, Phenomenology of dark
energy: general features of large-scale perturbations, JCAP 1511 (11)
(2015) 029. arXiv:1506.03047, doi:10.1088/1475-7516/2015/11/
029.
[164] J. Neveu, V. Ruhlmann-Kleider, A. Conley, N. Palanque-Delabrouille,
P. Astier, J. Guy, E. Babichev, Experimental constraints on the
uncoupled Galileon model from SNLS3 data and other cosmologi-
cal probes, Astron. Astrophys. 555 (2013) A53. arXiv:1302.2786,
doi:10.1051/0004-6361/201321256.
[165] A. Barreira, B. Li, C. M. Baugh, S. Pascoli, Spherical collapse in
Galileon gravity: fifth force solutions, halo mass function and halo bias,
JCAP 1311 (2013) 056. arXiv:1308.3699, doi:10.1088/1475-7516/
2013/11/056.
[166] B. Abbott, et al., GW170817: Observation of Gravitational Waves
from a Binary Neutron Star Inspiral, Phys. Rev. Lett. 119 (16) (2017)
161101. arXiv:1710.05832, doi:10.1103/PhysRevLett.119.161101.
[167] B. P. Abbott, et al., Gravitational Waves and Gamma-rays from a Bi-
nary Neutron Star Merger: GW170817 and GRB 170817A, Astrophys.
J. 848 (2) (2017) L13. arXiv:1710.05834, doi:10.3847/2041-8213/
aa920c.
[168] P. Creminelli, F. Vernizzi, Dark Energy after GW170817 and
GRB170817A, Phys. Rev. Lett. 119 (25) (2017) 251302. arXiv:
1710.05877, doi:10.1103/PhysRevLett.119.251302.
[169] T. Baker, E. Bellini, P. G. Ferreira, M. Lagos, J. Noller, I. Sawicki,
Strong constraints on cosmological gravity from GW170817 and GRB
170817A, Phys. Rev. Lett. 119 (25) (2017) 251301. arXiv:1710.06394,
doi:10.1103/PhysRevLett.119.251301.
125
[170] J. M. Ezquiaga, M. Zumalacarregui, Dark Energy After GW170817:
Dead Ends and the Road Ahead, Phys. Rev. Lett. 119 (25) (2017)
251304. arXiv:1710.05901, doi:10.1103/PhysRevLett.119.251304.
[171] P. Creminelli, M. Lewandowski, G. Tambalo, F. Vernizzi, Gravitational
Wave Decay into Dark Energy, JCAP 1812 (12) (2018) 025. arXiv:
1809.03484, doi:10.1088/1475-7516/2018/12/025.
[172] L. Amendola, M. Kunz, I. D. Saltas, I. Sawicki, Fate of Large-Scale
Structure in Modified Gravity After GW170817 and GRB170817A,
Phys. Rev. Lett. 120 (13) (2018) 131101. arXiv:1711.04825, doi:
10.1103/PhysRevLett.120.131101.
[173] L. Perenon, C. Marinoni, F. Piazza, Diagnostic of Horndeski Theo-
ries, JCAP 1701 (01) (2017) 035. arXiv:1609.09197, doi:10.1088/
1475-7516/2017/01/035.
[174] L. Perenon, J. Bel, R. Maartens, A. de la Cruz-Dombriz, Optimising
growth of structure constraints on modified gravity, JCAP 1906 (06)
(2019) 020. arXiv:1901.11063, doi:10.1088/1475-7516/2019/06/
020.
[175] L. Lombriser, A. Taylor, Semi-dynamical perturbations of unified
dark energy, JCAP 1511 (11) (2015) 040. arXiv:1505.05915, doi:
10.1088/1475-7516/2015/11/040.
[176] R. G. Crittenden, L. Pogosian, G.-B. Zhao, Investigating dark en-
ergy experiments with principal components, JCAP 0912 (2009) 025.
arXiv:astro-ph/0510293, doi:10.1088/1475-7516/2009/12/025.
[177] A. A. Starobinsky, Disappearing cosmological constant in f(R) grav-
ity, JETP Lett. 86 (2007) 157–163. arXiv:0706.2041, doi:10.1134/
S0021364007150027.
[178] Y.-S. Song, W. Hu, I. Sawicki, The Large Scale Structure of f(R)
Gravity, Phys. Rev. D75 (2007) 044004. arXiv:astro-ph/0610532,
doi:10.1103/PhysRevD.75.044004.
[179] N. Frusciante, G. Papadomanolakis, S. Peirone, A. Silvestri, The role of
the tachyonic instability in Horndeski gravity, JCAP 1902 (02) (2019)
029. arXiv:1810.03461, doi:10.1088/1475-7516/2019/02/029.
126
[180] M. Chevallier, D. Polarski, Accelerating universes with scaling dark
matter, Int. J. Mod. Phys. D10 (2001) 213–224. arXiv:gr-qc/
0009008, doi:10.1142/S0218271801000822.
[181] E. V. Linder, Exploring the expansion history of the universe, Phys.
Rev. Lett. 90 (2003) 091301. arXiv:astro-ph/0208512, doi:10.
1103/PhysRevLett.90.091301.
[182] F. Gerardi, M. Martinelli, A. Silvestri, Reconstruction of the Dark En-
ergy equation of state from latest data: the impact of theoretical priors,
JCAP 07 (2019) 042. arXiv:1902.09423, doi:10.1088/1475-7516/
2019/07/042.
[183] J. Kennedy, L. Lombriser, A. Taylor, Reconstructing Horndeski models
from the effective field theory of dark energy, Phys. Rev. D96 (8) (2017)
084051. arXiv:1705.09290, doi:10.1103/PhysRevD.96.084051.
[184] J. Kennedy, L. Lombriser, A. Taylor, Reconstructing Horndeski theo-
ries from phenomenological modified gravity and dark energy models
on cosmological scales, Phys. Rev. D98 (4) (2018) 044051. arXiv:
1804.04582, doi:10.1103/PhysRevD.98.044051.
[185] L. Lombriser, C. Dalang, J. Kennedy, A. Taylor, Inherently stable effec-
tive field theory for dark energy and modified gravity, JCAP 1901 (01)
(2019) 041. arXiv:1810.05225, doi:10.1088/1475-7516/2019/01/
041.
[186] T. M. C. Abbott, et al., Dark Energy Survey year 1 results: Cosmo-
logical constraints from galaxy clustering and weak lensing, Phys. Rev.
D98 (4) (2018) 043526. arXiv:1708.01530, doi:10.1103/PhysRevD.
98.043526.
[187] T. M. C. Abbott, et al., Dark Energy Survey Year 1 Results: A
Precise H0 Measurement from DES Y1, BAO, and D/H Data, Mon.
Not. Roy. Astron. Soc. 480 (2018) 3879. arXiv:1711.00403, doi:
10.1093/mnras/sty1939.
[188] S. Tsujikawa, Possibility of realizing weak gravity in redshift space
distortion measurements, Phys. Rev. D92 (4) (2015) 044029. arXiv:
1505.02459, doi:10.1103/PhysRevD.92.044029.
127
[189] P. J. E. Peebles, The large-scale structure of the universe, 1980.
[190] E. V. Linder, Cosmic growth history and expansion history, Phys.
Rev. D72 (2005) 043529. arXiv:astro-ph/0507263, doi:10.1103/
PhysRevD.72.043529.
[191] H. Steigerwald, J. Bel, C. Marinoni, Probing non-standard gravity
with the growth index: a background independent analysis, JCAP
1405 (2014) 042. arXiv:1403.0898, doi:10.1088/1475-7516/2014/
05/042.
[192] E. V. Linder, No Slip Gravity, JCAP 1803 (03) (2018) 005. arXiv:
1801.01503, doi:10.1088/1475-7516/2018/03/005.
[193] E. V. Linder, No Run Gravity, JCAP 07 (2019) 034. arXiv:1903.
02010, doi:10.1088/1475-7516/2019/07/034.
[194] V. Acquaviva, C. Baccigalupi, Dark energy records in lensed cos-
mic microwave background, Phys. Rev. D74 (2006) 103510. arXiv:
astro-ph/0507644, doi:10.1103/PhysRevD.74.103510.
[195] R. K. Sachs, A. M. Wolfe, Perturbations of a cosmological model
and angular variations of the microwave background, Astrophys. J.
147 (1967) 73–90, [Gen. Rel. Grav.39,1929(2007)]. doi:10.1007/
s10714-007-0448-9.
[196] L. Kofman, A. A. Starobinsky, Effect of the cosmological constant on
large scale anisotropies in the microwave backbround, Sov. Astron.
Lett. 11 (1985) 271–274, [Pisma Astron. Zh.11,643(1985)].
[197] W. Hu, M. J. White, Acoustic signatures in the cosmic microwave back-
ground, Astrophys. J. 471 (1996) 30–51. arXiv:astro-ph/9602019,
doi:10.1086/177951.
[198] L. Amendola, V. Pettorino, C. Quercellini, A. Vollmer, Testing coupled
dark energy with next-generation large-scale observations, Phys. Rev.
D85 (2012) 103008. arXiv:1111.1404, doi:10.1103/PhysRevD.85.
103008.
[199] L. Amendola, G. Ballesteros, V. Pettorino, Effects of modified gravity
on B-mode polarization, Phys. Rev. D90 (2014) 043009. arXiv:1405.
7004, doi:10.1103/PhysRevD.90.043009.
128
[200] J. Renk, M. Zumalacarregui, F. Montanari, Gravity at the horizon:
on relativistic effects, CMB-LSS correlations and ultra-large scales in
Horndeski’s theory, JCAP 1607 (07) (2016) 040. arXiv:1604.03487,
doi:10.1088/1475-7516/2016/07/040.
[201] M. Brush, E. V. Linder, M. Zumalaca´rregui, No Slip CMB, JCAP 01
(2019) 029. arXiv:1810.12337, doi:10.1088/1475-7516/2019/01/
029.
[202] C. Garc´ıa-Garc´ıa, E. V. Linder, P. Ru´ız-Lapuente, M. Zumalaca´rregui,
Dark energy from α-attractors: phenomenology and observational
constraints, JCAP 1808 (08) (2018) 022. arXiv:1803.00661, doi:
10.1088/1475-7516/2018/08/022.
[203] S. Hirano, T. Kobayashi, H. Tashiro, S. Yokoyama, Matter bispectrum
beyond Horndeski theories, Phys. Rev. D97 (10) (2018) 103517. arXiv:
1801.07885, doi:10.1103/PhysRevD.97.103517.
[204] D. Duniya, T. Moloi, C. Clarkson, J. Larena, R. Maartens, B. Mong-
wane, A. Weltman, Probing beyond-Horndeski gravity on ultra-large
scales, JCAP 01 (2020) 033. arXiv:1902.09919, doi:10.1088/
1475-7516/2020/01/033.
[205] E. Bellini, A. J. Cuesta, R. Jimenez, L. Verde, Constraints on de-
viations from ΛCDM within Horndeski gravity, JCAP 1602 (02)
(2016) 053, [Erratum: JCAP1606,no.06,E01(2016)]. arXiv:1509.
07816, doi:10.1088/1475-7516/2016/06/E01,10.1088/1475-7516/
2016/02/053.
[206] C. D. Kreisch, E. Komatsu, Cosmological Constraints on Horndeski
Gravity in Light of GW170817, JCAP 1812 (12) (2018) 030. arXiv:
1712.02710, doi:10.1088/1475-7516/2018/12/030.
[207] G. Brando, F. T. Falciano, E. V. Linder, H. E. Velten, Modified gravity
away from a ΛCDM background, JCAP 11 (2019) 018. arXiv:1904.
12903, doi:10.1088/1475-7516/2019/11/018.
[208] P. A. R. Ade, et al., Planck 2015 results. XIV. Dark energy and mod-
ified gravity, Astron. Astrophys. 594 (2016) A14. arXiv:1502.01590,
doi:10.1051/0004-6361/201525814.
129
[209] P. A. R. Ade, et al., Planck 2015 results. XIII. Cosmological pa-
rameters, Astron. Astrophys. 594 (2016) A13. arXiv:1502.01589,
doi:10.1051/0004-6361/201525830.
[210] B. Hu, M. Raveri, Can modified gravity models reconcile the tension
between the CMB anisotropy and lensing maps in Planck-like obser-
vations?, Phys. Rev. D91 (12) (2015) 123515. arXiv:1502.06599,
doi:10.1103/PhysRevD.91.123515.
[211] T. Kobayashi, M. Yamaguchi, J. Yokoyama, Generalized G-inflation:
Inflation with the most general second-order field equations, Prog.
Theor. Phys. 126 (2011) 511–529. arXiv:1105.5723, doi:10.1143/
PTP.126.511.
[212] E. V. Linder, G. Sengo¨r, S. Watson, Is the Effective Field Theory of
Dark Energy Effective?, JCAP 1605 (05) (2016) 053. arXiv:1512.
06180, doi:10.1088/1475-7516/2016/05/053.
[213] E. V. Linder, Challenges in connecting modified gravity theory and
observations, Phys. Rev. D95 (2) (2017) 023518. arXiv:1607.03113,
doi:10.1103/PhysRevD.95.023518.
[214] A. Spurio Mancini, F. Ko¨hlinger, B. Joachimi, V. Pettorino, B. Scha¨fer,
R. Reischke, E. van Uitert, S. Brieden, M. Archidiacono, J. Lesgour-
gues, KiDS + GAMA: constraints on horndeski gravity from combined
large-scale structure probes, Mon. Not. Roy. Astron. Soc. 490 (2) (2019)
2155–2177. arXiv:1901.03686, doi:10.1093/mnras/stz2581.
[215] S. Melville, J. Noller, Positivity in the Sky: Constraining dark energy
and modified gravity from the UV, Phys. Rev. D 101 (2) (2020) 021502.
arXiv:1904.05874, doi:10.1103/PhysRevD.101.021502.
[216] A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis, R. Rattazzi,
Causality, analyticity and an IR obstruction to UV completion, JHEP
10 (2006) 014. arXiv:hep-th/0602178, doi:10.1088/1126-6708/
2006/10/014.
[217] A. Nicolis, R. Rattazzi, E. Trincherini, Energy’s and amplitudes’ pos-
itivity, JHEP 05 (2010) 095, [Erratum: JHEP11,128(2011)]. arXiv:
0912.4258, doi:10.1007/JHEP05(2010)095,10.1007/JHEP11(2011)
128.
130
[218] B. Bellazzini, Softness and amplitudes? positivity for spinning par-
ticles, JHEP 02 (2017) 034. arXiv:1605.06111, doi:10.1007/
JHEP02(2017)034.
[219] C. de Rham, S. Melville, A. J. Tolley, S.-Y. Zhou, UV complete me:
Positivity Bounds for Particles with Spin, JHEP 03 (2018) 011. arXiv:
1706.02712, doi:10.1007/JHEP03(2018)011.
[220] J. Noller, A. Nicola, Cosmological parameter constraints for Horndeski
scalar-tensor gravity, Phys. Rev. D99 (10) (2019) 103502. arXiv:1811.
12928, doi:10.1103/PhysRevD.99.103502.
[221] J. Noller, A. Nicola, Radiative stability and observational constraints
on dark energy and modified gravity (2018). arXiv:1811.03082.
[222] S. de la Torre, et al., The VIMOS Public Extragalactic Redshift Sur-
vey (VIPERS). Gravity test from the combination of redshift-space
distortions and galaxy-galaxy lensing at 0.5 < z < 1.2, Astron. Astro-
phys. 608 (2017) A44. arXiv:1612.05647, doi:10.1051/0004-6361/
201630276.
[223] F. Shi, et al., Mapping the Real Space Distributions of Galaxies in
SDSS DR7: II. Measuring the growth rate, clustering amplitude of
matter and biases of galaxies at redshift 0.1, Astrophys. J. 861 (2)
(2018) 137. arXiv:1712.04163, doi:10.3847/1538-4357/aacb20.
[224] S. Camera, The Multi-Tracer Technique To Detect Horizon-Scale Ef-
fects, in: Proceedings, 51st Rencontres de Moriond, Cosmology session:
La Thuile, Italy, March 19-26, 2016, ARISF, ARISF, 2016, pp. 331–
336.
[225] M. Raveri, Reconstructing Gravity on Cosmological Scales, Phys.
Rev. D 101 (8) (2020) 083524. arXiv:1902.01366, doi:10.1103/
PhysRevD.101.083524.
[226] R. G. Crittenden, G.-B. Zhao, L. Pogosian, L. Samushia, X. Zhang,
Fables of reconstruction: controlling bias in the dark energy equation
of state, JCAP 1202 (2012) 048. arXiv:1112.1693, doi:10.1088/
1475-7516/2012/02/048.
131
[227] R. Reischke, A. Spurio Mancini, B. M. Scha¨fer, P. M. Merkel, In-
vestigating scalar–tensor gravity with statistics of the cosmic large-
scale structure, Mon. Not. Roy. Astron. Soc. 482 (3) (2019) 3274–3287.
arXiv:1804.02441, doi:10.1093/mnras/sty2919.
[228] J. Gleyzes, D. Langlois, M. Mancarella, F. Vernizzi, Effective Theory
of Dark Energy at Redshift Survey Scales, JCAP 1602 (02) (2016) 056.
arXiv:1509.02191, doi:10.1088/1475-7516/2016/02/056.
[229] J. S. Y. Leung, Z. Huang, Marginalized Fisher Forecast for Horndeski
Dark Energy Models, Int. J. Mod. Phys. D0 (2017) 1750070. arXiv:
1604.07330, doi:10.1142/S0218271817500705.
[230] A. Spurio Mancini, R. Reischke, V. Pettorino, B. M. Scha¨fer, M. Zu-
malaca´rregui, Testing (modified) gravity with 3D and tomographic
cosmic shear, Mon. Not. Roy. Astron. Soc. 480 (2018) 3725. arXiv:
1801.04251, doi:10.1093/mnras/sty2092.
[231] A. Barreira, B. Li, W. A. Hellwing, C. M. Baugh, S. Pascoli, Nonlin-
ear structure formation in the Cubic Galileon gravity model, JCAP
1310 (2013) 027. arXiv:1306.3219, doi:10.1088/1475-7516/2013/
10/027.
[232] J. M. Ezquiaga, M. Zumalaca´rregui, Dark Energy in light of Multi-
Messenger Gravitational-Wave astronomy, Front. Astron. Space Sci. 5
(2018) 44. arXiv:1807.09241, doi:10.3389/fspas.2018.00044.
[233] C. L. Bennett, et al., Nine-Year Wilkinson Microwave Anisotropy
Probe (WMAP) Observations: Final Maps and Results, Astrophys. J.
Suppl. 208 (2013) 20. arXiv:1212.5225, doi:10.1088/0067-0049/
208/2/20.
[234] H. Liu, P. Mertsch, S. Sarkar, Fingerprints of Galactic Loop I on
the Cosmic Microwave Background, Astrophys. J. 789 (2) (2014) L29.
arXiv:1404.1899, doi:10.1088/2041-8205/789/2/L29.
[235] R. Adam, et al., Planck intermediate results. XXX. The angular power
spectrum of polarized dust emission at intermediate and high Galac-
tic latitudes, Astron. Astrophys. 586 (2016) A133. arXiv:1409.5738,
doi:10.1051/0004-6361/201425034.
132
[236] P. A. R. Ade, et al., Planck intermediate results. XXII. Frequency
dependence of thermal emission from Galactic dust in intensity and
polarization, Astron. Astrophys. 576 (2015) A107. arXiv:1405.0874,
doi:10.1051/0004-6361/201424088.
[237] M. Raveri, C. Baccigalupi, A. Silvestri, S.-Y. Zhou, Measuring the
speed of cosmological gravitational waves, Phys. Rev. D91 (6) (2015)
061501. arXiv:1405.7974, doi:10.1103/PhysRevD.91.061501.
[238] R. C. Nunes, M. E. S. Alves, J. C. N. de Araujo, Primordial gravita-
tional waves in Horndeski gravity, Phys. Rev. D99 (8) (2019) 084022.
arXiv:1811.12760, doi:10.1103/PhysRevD.99.084022.
[239] B. P. Abbott, et al., A gravitational-wave standard siren measurement
of the Hubble constant, Nature 551 (7678) (2017) 85–88. arXiv:1710.
05835, doi:10.1038/nature24471.
[240] S. Nissanke, D. E. Holz, N. Dalal, S. A. Hughes, J. L. Sievers, C. M.
Hirata, Determining the Hubble constant from gravitational wave ob-
servations of merging compact binaries (2013). arXiv:1307.2638.
[241] M. Lagos, M. Fishbach, P. Landry, D. E. Holz, Standard sirens with
a running Planck mass, Phys. Rev. D99 (8) (2019) 083504. arXiv:
1901.03321, doi:10.1103/PhysRevD.99.083504.
[242] H. Audley, et al., Laser Interferometer Space Antenna (2017). arXiv:
1702.00786.
[243] L. Amendola, I. Sawicki, M. Kunz, I. D. Saltas, Direct detection
of gravitational waves can measure the time variation of the Planck
mass, JCAP 1808 (08) (2018) 030. arXiv:1712.08623, doi:10.1088/
1475-7516/2018/08/030.
[244] E. Belgacem, et al., Testing modified gravity at cosmological distances
with LISA standard sirens (2019). arXiv:1906.01593.
[245] V. Pettorino, L. Amendola, Friction in Gravitational Waves: a test for
early-time modified gravity, Phys. Lett. B742 (2015) 353–357. arXiv:
1408.2224, doi:10.1016/j.physletb.2015.02.007.
133
[246] P. A. R. Ade, et al., Detection of B-Mode Polarization at Degree An-
gular Scales by BICEP2, Phys. Rev. Lett. 112 (24) (2014) 241101.
arXiv:1403.3985, doi:10.1103/PhysRevLett.112.241101.
[247] F. R. Bouchet, et al., COrE (Cosmic Origins Explorer) A White Paper
(2011). arXiv:1102.2181.
[248] P. Andre´, et al., PRISM (Polarized Radiation Imaging and Spec-
troscopy Mission): An Extended White Paper, JCAP 1402 (2014) 006.
arXiv:1310.1554, doi:10.1088/1475-7516/2014/02/006.
[249] I. Sawicki, I. D. Saltas, M. Motta, L. Amendola, M. Kunz, Nonstan-
dard gravitational waves imply gravitational slip: On the difficulty
of partially hiding new gravitational degrees of freedom, Phys. Rev.
D95 (8) (2017) 083520. arXiv:1612.02002, doi:10.1103/PhysRevD.
95.083520.
[250] L. Lombriser, A. Taylor, Breaking a Dark Degeneracy with Grav-
itational Waves, JCAP 1603 (03) (2016) 031. arXiv:1509.08458,
doi:10.1088/1475-7516/2016/03/031.
[251] L. Lombriser, A. Taylor, Classifying Linearly Shielded Modified Grav-
ity Models in Effective Field Theory, Phys. Rev. Lett. 114 (3) (2015)
031101. arXiv:1405.2896, doi:10.1103/PhysRevLett.114.031101.
[252] L. Lombriser, N. A. Lima, Challenges to Self-Acceleration in Mod-
ified Gravity from Gravitational Waves and Large-Scale Structure,
Phys. Lett. B765 (2017) 382–385. arXiv:1602.07670, doi:10.1016/
j.physletb.2016.12.048.
[253] A. Hojjati, L. Pogosian, G.-B. Zhao, Testing gravity with CAMB and
CosmoMC, JCAP 1108 (2011) 005. arXiv:1106.4543, doi:10.1088/
1475-7516/2011/08/005.
[254] G.-B. Zhao, L. Pogosian, A. Silvestri, J. Zylberberg, Cosmological
Tests of General Relativity with Future Tomographic Surveys, Phys.
Rev. Lett. 103 (2009) 241301. arXiv:0905.1326, doi:10.1103/
PhysRevLett.103.241301.
[255] F. Simpson, et al., CFHTLenS: Testing the Laws of Gravity with
Tomographic Weak Lensing and Redshift Space Distortions, Mon.
134
Not. Roy. Astron. Soc. 429 (2013) 2249. arXiv:1212.3339, doi:
10.1093/mnras/sts493.
[256] A. Ferte´, D. Kirk, A. R. Liddle, J. Zuntz, Testing gravity on cos-
mological scales with cosmic shear, cosmic microwave background
anisotropies, and redshift-space distortions, Phys. Rev. D99 (8) (2019)
083512. arXiv:1712.01846, doi:10.1103/PhysRevD.99.083512.
[257] Y.-S. Song, G.-B. Zhao, D. Bacon, K. Koyama, R. C. Nichol,
L. Pogosian, Complementarity of Weak Lensing and Peculiar Velocity
Measurements in Testing General Relativity, Phys. Rev. D84 (2011)
083523. arXiv:1011.2106, doi:10.1103/PhysRevD.84.083523.
[258] S. Casas, M. Kunz, M. Martinelli, V. Pettorino, Linear and non-linear
Modified Gravity forecasts with future surveys, Phys. Dark Univ. 18
(2017) 73–104. arXiv:1703.01271, doi:10.1016/j.dark.2017.09.
009.
[259] D. Huterer, G. Starkman, Parameterization of dark-energy properties:
A Principal-component approach, Phys. Rev. Lett. 90 (2003) 031301.
arXiv:astro-ph/0207517, doi:10.1103/PhysRevLett.90.031301.
[260] A. Hojjati, G.-B. Zhao, L. Pogosian, A. Silvestri, R. Crittenden,
K. Koyama, Cosmological tests of General Relativity: a principal com-
ponent analysis, Phys. Rev. D85 (2012) 043508. arXiv:1111.3960,
doi:10.1103/PhysRevD.85.043508.
[261] S. Tsujikawa, Quintessence: A Review, Class. Quant. Grav. 30 (2013)
214003. arXiv:1304.1961, doi:10.1088/0264-9381/30/21/214003.
[262] R. Bean, D. Bernat, L. Pogosian, A. Silvestri, M. Trodden, Dynamics
of Linear Perturbations in f(R) Gravity, Phys. Rev. D75 (2007) 064020.
arXiv:astro-ph/0611321, doi:10.1103/PhysRevD.75.064020.
[263] W. Hu, I. Sawicki, Models of f(R) Cosmic Acceleration that Evade
Solar-System Tests, Phys. Rev. D76 (2007) 064004. arXiv:0705.1158,
doi:10.1103/PhysRevD.76.064004.
[264] T. Harko, T. S. Koivisto, F. S. N. Lobo, G. J. Olmo, Metric-Palatini
gravity unifying local constraints and late-time cosmic acceleration,
135
Phys. Rev. D85 (2012) 084016. arXiv:1110.1049, doi:10.1103/
PhysRevD.85.084016.
[265] N. A. Lima, V. Smer-Barreto, L. Lombriser, Constraints on decay-
ing early modified gravity from cosmological observations, Phys. Rev.
D94 (8) (2016) 083507. arXiv:1603.05239, doi:10.1103/PhysRevD.
94.083507.
[266] B. Bertotti, L. Iess, P. Tortora, A test of general relativity using radio
links with the Cassini spacecraft, Nature 425 (2003) 374–376. doi:
10.1038/nature01997.
[267] A. Avilez, C. Skordis, Cosmological constraints on Brans-Dicke theory,
Phys. Rev. Lett. 113 (1) (2014) 011101. arXiv:1303.4330, doi:10.
1103/PhysRevLett.113.011101.
[268] H. Nariai, On the brans solution in the scalar-tensor theory of gravi-
tation, Prog. Theor. Phys. 42 (1969) 742–744. doi:10.1143/PTP.42.
742.
[269] A. Barreira, B. Li, C. Baugh, S. Pascoli, The observational status of
Galileon gravity after Planck, JCAP 1408 (2014) 059. arXiv:1406.
0485, doi:10.1088/1475-7516/2014/08/059.
[270] P. Horava, Quantum Gravity at a Lifshitz Point, Phys. Rev. D79 (2009)
084008. arXiv:0901.3775, doi:10.1103/PhysRevD.79.084008.
[271] S. M. Carroll, E. A. Lim, Lorentz-violating vector fields slow the uni-
verse down, Phys. Rev. D70 (2004) 123525. arXiv:hep-th/0407149,
doi:10.1103/PhysRevD.70.123525.
[272] J. A. Zuntz, P. G. Ferreira, T. G. Zlosnik, Constraining Lorentz vi-
olation with cosmology, Phys. Rev. Lett. 101 (2008) 261102. arXiv:
0808.1824, doi:10.1103/PhysRevLett.101.261102.
[273] B. Audren, D. Blas, J. Lesgourgues, S. Sibiryakov, Cosmological con-
straints on Lorentz violating dark energy, JCAP 1308 (2013) 039.
arXiv:1305.0009, doi:10.1088/1475-7516/2013/08/039.
[274] D. Blas, M. M. Ivanov, S. Sibiryakov, Testing Lorentz invariance of
dark matter, JCAP 1210 (2012) 057. arXiv:1209.0464, doi:10.1088/
1475-7516/2012/10/057.
136
[275] B. Audren, D. Blas, M. M. Ivanov, J. Lesgourgues, S. Sibiryakov, Cos-
mological constraints on deviations from Lorentz invariance in grav-
ity and dark matter, JCAP 1503 (03) (2015) 016. arXiv:1410.6514,
doi:10.1088/1475-7516/2015/03/016.
[276] C. M. Will, The Confrontation between General Relativity and Ex-
periment, Living Rev. Rel. 17 (2014) 4. arXiv:1403.7377, doi:
10.12942/lrr-2014-4.
[277] K. Yagi, D. Blas, N. Yunes, E. Barausse, Strong Binary Pulsar Con-
straints on Lorentz Violation in Gravity, Phys. Rev. Lett. 112 (16)
(2014) 161101. arXiv:1307.6219, doi:10.1103/PhysRevLett.112.
161101.
[278] K. Yagi, D. Blas, E. Barausse, N. Yunes, Constraints on
Einstein-AEther theory and Horˇava gravity from binary pul-
sar observations, Phys. Rev. D89 (8) (2014) 084067, [Erra-
tum: Phys. Rev.D90,no.6,069901(2014)]. arXiv:1311.7144,
doi:10.1103/PhysRevD.90.069902,10.1103/PhysRevD.90.069901,
10.1103/PhysRevD.89.084067.
[279] O. Ramos, E. Barausse, Constraints on Horˇava gravity from binary
black hole observations, Phys. Rev. D99 (2) (2019) 024034. arXiv:
1811.07786, doi:10.1103/PhysRevD.99.024034.
[280] A. Emir Gumrukcuoglu, M. Saravani, T. P. Sotiriou, Horˇava gravity
after GW170817, Phys. Rev. D97 (2) (2018) 024032. arXiv:1711.
08845, doi:10.1103/PhysRevD.97.024032.
[281] J. F. Bell, F. Camilo, T. Damour, A Tighter test of local Lorentz
invariance of gravity using PSR-2317+1439, Astrophys. J. 464 (1996)
857. arXiv:astro-ph/9512100, doi:10.1086/177372.
[282] P. Brax, P. Valageas, K-mouflage Cosmology: the Background Evo-
lution, Phys. Rev. D90 (2) (2014) 023507. arXiv:1403.5420, doi:
10.1103/PhysRevD.90.023507.
[283] P. Brax, P. Valageas, The effective field theory of K-mouflage, JCAP
1601 (01) (2016) 020. arXiv:1509.00611, doi:10.1088/1475-7516/
2016/01/020.
137
[284] J. Delabrouille, et al., Exploring cosmic origins with CORE: Survey
requirements and mission design, JCAP 1804 (04) (2018) 014. arXiv:
1706.04516, doi:10.1088/1475-7516/2018/04/014.
[285] R. Kase, S. Tsujikawa, Dark energy scenario consistent with GW170817
in theories beyond Horndeski gravity, Phys. Rev. D97 (10) (2018)
103501. arXiv:1802.02728, doi:10.1103/PhysRevD.97.103501.
[286] N. Arkani-Hamed, H.-C. Cheng, M. A. Luty, S. Mukohyama, Ghost
condensation and a consistent infrared modification of gravity, JHEP 05
(2004) 074. arXiv:hep-th/0312099, doi:10.1088/1126-6708/2004/
05/074.
[287] D. J. Spiegelhalter, N. G. Best, B. P. Carlin, A. van der Linde, The
deviance information criterion: 12 years on, Journal of the Royal Statis-
tical Society: Series B (Statistical Methodology) 76 (3) (2014) 485–493.
doi:10.1111/rssb.12062.
URL http://dx.doi.org/10.1111/rssb.12062
[288] A. Heavens, Y. Fantaye, A. Mootoovaloo, H. Eggers, Z. Hosenie,
S. Kroon, E. Sellentin, Marginal Likelihoods from Monte Carlo Markov
Chains (2017). arXiv:1704.03472.
[289] F. De Bernardis, T. D. Kitching, A. Heavens, A. Melchiorri, De-
termining the Neutrino Mass Hierarchy with Cosmology, Phys. Rev.
D80 (2009) 123509. arXiv:0907.1917, doi:10.1103/PhysRevD.80.
123509.
[290] C. de Rham, S. Melville, Gravitational Rainbows: LIGO and Dark
Energy at its Cutoff, Phys. Rev. Lett. 121 (2018) 221101. arXiv:
1806.09417, doi:10.1103/PhysRevLett.121.221101.
[291] J. Lesgourgues, S. Pastor, Massive neutrinos and cosmology, Phys.
Rept. 429 (2006) 307–379. arXiv:astro-ph/0603494, doi:10.1016/
j.physrep.2006.04.001.
[292] Y. Y. Y. Wong, Neutrino mass in cosmology: status and prospects,
Ann. Rev. Nucl. Part. Sci. 61 (2011) 69–98. arXiv:1111.1436, doi:
10.1146/annurev-nucl-102010-130252.
138
[293] A. Lewis, A. Challinor, Evolution of cosmological dark matter pertur-
bations, Phys. Rev. D66 (2002) 023531. arXiv:astro-ph/0203507,
doi:10.1103/PhysRevD.66.023531.
[294] A. Barreira, B. Li, C. Baugh, S. Pascoli, Modified gravity with mas-
sive neutrinos as a testable alternative cosmological model, Phys. Rev.
D90 (2) (2014) 023528. arXiv:1404.1365, doi:10.1103/PhysRevD.
90.023528.
[295] J. Shim, J. Lee, M. Baldi, Breaking the Cosmic Degeneracy between
Modified Gravity and Massive Neutrinos with the Cosmic Web (2014).
arXiv:1404.3639.
[296] M. Baldi, F. Villaescusa-Navarro, M. Viel, E. Puchwein, V. Springel,
L. Moscardini, Cosmic degeneracies ? I. Joint N-body simulations of
modified gravity and massive neutrinos, Mon. Not. Roy. Astron. Soc.
440 (1) (2014) 75–88. arXiv:1311.2588, doi:10.1093/mnras/stu259.
[297] J.-h. He, Weighing Neutrinos in f(R) gravity, Phys. Rev. D88 (10)
(2013) 103523, [Phys. Rev.D88,103523(2013)]. arXiv:1307.4876, doi:
10.1103/PhysRevD.88.103523.
[298] J. Dossett, B. Hu, D. Parkinson, Constraining models of f(R) gravity
with Planck and WiggleZ power spectrum data, JCAP 1403 (2014)
046. arXiv:1401.3980, doi:10.1088/1475-7516/2014/03/046.
[299] H. Motohashi, A. A. Starobinsky, J. Yokoyama, Cosmology Based on
f(R) Gravity Admits 1 eV Sterile Neutrinos, Phys. Rev. Lett. 110 (12)
(2013) 121302. arXiv:1203.6828, doi:10.1103/PhysRevLett.110.
121302.
[300] B. Hu, M. Raveri, A. Silvestri, N. Frusciante, Exploring massive neutri-
nos in dark cosmologies with EFTCAMB/ EFTCosmoMC, Phys. Rev.
D91 (6) (2015) 063524. arXiv:1410.5807, doi:10.1103/PhysRevD.
91.063524.
[301] N. Bellomo, E. Bellini, B. Hu, R. Jimenez, C. Pena-Garay, L. Verde,
Hiding neutrino mass in modified gravity cosmologies, JCAP 1702 (02)
(2017) 043. arXiv:1612.02598, doi:10.1088/1475-7516/2017/02/
043.
139
[302] J.-P. Uzan, Varying constants, gravitation and cosmology, Living Re-
views in Relativity 14 (1) (2011) 2. doi:10.12942/lrr-2011-2.
URL https://doi.org/10.12942/lrr-2011-2
[303] C. M. Will, The confrontation between general relativity and experi-
ment, Living Reviews in Relativity 17 (1) (2014) 4. doi:10.12942/
lrr-2014-4.
URL https://doi.org/10.12942/lrr-2014-4
[304] K. Hinterbichler, J. Khoury, Symmetron Fields: Screening Long-Range
Forces Through Local Symmetry Restoration, Phys. Rev. Lett. 104
(2010) 231301. arXiv:1001.4525, doi:10.1103/PhysRevLett.104.
231301.
[305] P. Brax, C. van de Bruck, A.-C. Davis, D. Shaw, The Dilaton and
Modified Gravity, Phys. Rev. D82 (2010) 063519. arXiv:1005.3735,
doi:10.1103/PhysRevD.82.063519.
[306] E. Babichev, C. Deffayet, R. Ziour, k-Mouflage gravity, Int. J.
Mod. Phys. D18 (2009) 2147–2154. arXiv:0905.2943, doi:10.1142/
S0218271809016107.
[307] A. I. Vainshtein, To the problem of nonvanishing gravitation mass,
Phys. Lett. 39B (1972) 393–394. doi:10.1016/0370-2693(72)
90147-5.
[308] K. Koyama, G. Niz, G. Tasinato, Effective theory for the Vainshtein
mechanism from the Horndeski action, Phys. Rev. D88 (2013) 021502.
arXiv:1305.0279, doi:10.1103/PhysRevD.88.021502.
[309] R. Kimura, T. Kobayashi, K. Yamamoto, Vainshtein screening in a
cosmological background in the most general second-order scalar-tensor
theory, Phys. Rev. D85 (2012) 024023. arXiv:1111.6749, doi:10.
1103/PhysRevD.85.024023.
[310] T. Kobayashi, Y. Watanabe, D. Yamauchi, Breaking of Vainshtein
screening in scalar-tensor theories beyond Horndeski, Phys. Rev.
D91 (6) (2015) 064013. arXiv:1411.4130, doi:10.1103/PhysRevD.
91.064013.
140
[311] J. Sakstein, H. Wilcox, D. Bacon, K. Koyama, R. C. Nichol, Testing
Gravity Using Galaxy Clusters: New Constraints on Beyond Horndeski
Theories, JCAP 1607 (07) (2016) 019. arXiv:1603.06368, doi:10.
1088/1475-7516/2016/07/019.
[312] J. Sakstein, Hydrogen Burning in Low Mass Stars Constrains Scalar-
Tensor Theories of Gravity, Phys. Rev. Lett. 115 (2015) 201101. arXiv:
1510.05964, doi:10.1103/PhysRevLett.115.201101.
[313] R. Saito, D. Yamauchi, S. Mizuno, J. Gleyzes, D. Langlois, Modified
gravity inside astrophysical bodies, JCAP 1506 (2015) 008. arXiv:
1503.01448, doi:10.1088/1475-7516/2015/06/008.
[314] K. Koyama, J. Sakstein, Astrophysical Probes of the Vainshtein Mech-
anism: Stars and Galaxies, Phys. Rev. D91 (2015) 124066. arXiv:
1502.06872, doi:10.1103/PhysRevD.91.124066.
[315] J. Sakstein, E. Babichev, K. Koyama, D. Langlois, R. Saito, Towards
Strong Field Tests of Beyond Horndeski Gravity Theories, Phys. Rev.
D95 (6) (2017) 064013. arXiv:1612.04263, doi:10.1103/PhysRevD.
95.064013.
[316] J. Sakstein, B. Jain, Implications of the Neutron Star Merger
GW170817 for Cosmological Scalar-Tensor Theories, Phys. Rev.
Lett. 119 (25) (2017) 251303. arXiv:1710.05893, doi:10.1103/
PhysRevLett.119.251303.
[317] J. Beltran Jimenez, F. Piazza, H. Velten, Evading the Vainshtein Mech-
anism with Anomalous Gravitational Wave Speed: Constraints on
Modified Gravity from Binary Pulsars, Phys. Rev. Lett. 116 (6) (2016)
061101. arXiv:1507.05047, doi:10.1103/PhysRevLett.116.061101.
[318] K. Ohta, Y. Sasai, Coulomb Branch Localization in Quiver Quantum
Mechanics, JHEP 02 (2016) 106. arXiv:1512.00594, doi:10.1007/
JHEP02(2016)106.
[319] A. K. Romer, P. T. P. Viana, A. R. Liddle, R. G. Mann, A serendipitous
galaxy cluster survey with xmm: expected catalogue properties and
scientific applications (1999). arXiv:astro-ph/9911499.
141
[320] C. Heymans, et al., CFHTLenS: The Canada-France-Hawaii Telescope
Lensing Survey, Mon. Not. Roy. Astron. Soc. 427 (2012) 146. arXiv:
1210.0032, doi:10.1111/j.1365-2966.2012.21952.x.
[321] M. Crisostomi, K. Koyama, Vainshtein mechanism after GW170817,
Phys. Rev. D97 (2) (2018) 021301. arXiv:1711.06661, doi:10.1103/
PhysRevD.97.021301.
[322] A. Dima, F. Vernizzi, Vainshtein Screening in Scalar-Tensor Theo-
ries before and after GW170817: Constraints on Theories beyond
Horndeski, Phys. Rev. D97 (10) (2018) 101302. arXiv:1712.04731,
doi:10.1103/PhysRevD.97.101302.
[323] D. Langlois, R. Saito, D. Yamauchi, K. Noui, Scalar-tensor theories and
modified gravity in the wake of GW170817, Phys. Rev. D97 (6) (2018)
061501. arXiv:1711.07403, doi:10.1103/PhysRevD.97.061501.
[324] D. Pirtskhalava, L. Santoni, E. Trincherini, F. Vernizzi, Weakly Broken
Galileon Symmetry, JCAP 1509 (09) (2015) 007. arXiv:1505.00007,
doi:10.1088/1475-7516/2015/09/007.
[325] L. Santoni, E. Trincherini, L. G. Trombetta, Behind Horndeski: struc-
turally robust higher derivative EFTs, JHEP 08 (2018) 118. arXiv:
1806.10073, doi:10.1007/JHEP08(2018)118.
[326] C. Charmousis, E. J. Copeland, A. Padilla, P. M. Saffin, General
second order scalar-tensor theory, self tuning, and the Fab Four,
Phys. Rev. Lett. 108 (2012) 051101. arXiv:1106.2000, doi:10.1103/
PhysRevLett.108.051101.
[327] P. Martin-Moruno, N. J. Nunes, F. S. N. Lobo, Horndeski theories
self-tuning to a de Sitter vacuum, Phys. Rev. D91 (8) (2015) 084029.
arXiv:1502.03236, doi:10.1103/PhysRevD.91.084029.
[328] G. Gubitosi, E. V. Linder, Purely Kinetic Coupled Gravity, Phys. Lett.
B703 (2011) 113–118. arXiv:1106.2815, doi:10.1016/j.physletb.
2011.07.066.
[329] S. Nojiri, S. D. Odintsov, M. Sasaki, Gauss-Bonnet dark energy, Phys.
Rev. D71 (2005) 123509. arXiv:hep-th/0504052, doi:10.1103/
PhysRevD.71.123509.
142
[330] J. Ben Achour, M. Crisostomi, K. Koyama, D. Langlois, K. Noui,
G. Tasinato, Degenerate higher order scalar-tensor theories beyond
Horndeski up to cubic order, JHEP 12 (2016) 100. arXiv:1608.08135,
doi:10.1007/JHEP12(2016)100.
[331] I. S. Albuquerque, N. Frusciante, N. J. Nunes, S. Tsujikawa, New scal-
ing solutions in cubic Horndeski theories, Phys. Rev. D98 (6) (2018)
064038. arXiv:1807.09800, doi:10.1103/PhysRevD.98.064038.
[332] N. Frusciante, R. Kase, N. J. Nunes, S. Tsujikawa, Most general
cubic-order Horndeski Lagrangian allowing for scaling solutions and
the application to dark energy, Phys. Rev. D98 (12) (2018) 123517.
arXiv:1810.07957, doi:10.1103/PhysRevD.98.123517.
[333] N. Frusciante, R. Kase, K. Koyama, S. Tsujikawa, D. Vernieri, Tracker
and scaling solutions in DHOST theories, Phys. Lett. B790 (2019) 167–
175. arXiv:1812.05204, doi:10.1016/j.physletb.2019.01.009.
[334] J. Oost, S. Mukohyama, A. Wang, Constraints on Einstein-aether the-
ory after GW170817, Phys. Rev. D97 (12) (2018) 124023. arXiv:
1802.04303, doi:10.1103/PhysRevD.97.124023.
[335] R. Kase, S. Tsujikawa, Dark energy in Horndeski theories after
GW170817: A review, Int. J. Mod. Phys. D28 (05) (2019) 1942005.
arXiv:1809.08735, doi:10.1142/S0218271819420057.
[336] E. J. Copeland, M. Kopp, A. Padilla, P. M. Saffin, C. Skordis, Dark en-
ergy after GW170817 revisited, Phys. Rev. Lett. 122 (6) (2019) 061301.
arXiv:1810.08239, doi:10.1103/PhysRevLett.122.061301.
[337] R. A. Battye, F. Pace, D. Trinh, Gravitational wave constraints on dark
sector models, Phys. Rev. D98 (2) (2018) 023504. arXiv:1802.09447,
doi:10.1103/PhysRevD.98.023504.
[338] J. Gleyzes, Parametrizing modified gravity for cosmological surveys,
Phys. Rev. D96 (6) (2017) 063516. arXiv:1705.04714, doi:10.1103/
PhysRevD.96.063516.
[339] M. Denissenya, E. V. Linder, Gravity’s Islands: Parametrizing Horn-
deski Stability, JCAP 1811 (11) (2018) 010. arXiv:1808.00013,
doi:10.1088/1475-7516/2018/11/010.
143
[340] L. Senatore, M. Zaldarriaga, The Effective Field Theory of Multi-
field Inflation, JHEP 04 (2012) 024. arXiv:1009.2093, doi:10.1007/
JHEP04(2012)024.
[341] A. Peel, F. Lalande, J.-L. Starck, V. Pettorino, J. Merten, C. Giocoli,
M. Meneghetti, M. Baldi, Distinguishing standard and modified gravity
cosmologies with machine learning (2018). arXiv:1810.11030.
[342] M. Ntampaka, et al., The Role of Machine Learning in the Next Decade
of Cosmology (2019). arXiv:1902.10159.
[343] L. Amendola, M. Kunz, M. Motta, I. D. Saltas, I. Sawicki, Ob-
servables and unobservables in dark energy cosmologies, Phys. Rev.
D87 (2) (2013) 023501. arXiv:1210.0439, doi:10.1103/PhysRevD.
87.023501.
[344] A. De Felice, T. Kobayashi, S. Tsujikawa, Effective gravitational cou-
plings for cosmological perturbations in the most general scalar-tensor
theories with second-order field equations, Phys. Lett. B706 (2011)
123–133. arXiv:1108.4242, doi:10.1016/j.physletb.2011.11.028.
144
